Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



W 



AN ELEMENTARY TEXT-BOOK 



OP 



MECHANICS 

{KINEMATICS AND DYNAMICS), 

WITH NUMEROUS EXERCISES, SOLVED EXAMPLES, AND HINTS 
FOR THE SOLUTION OF THE EXERCISES. 



BY 

J. J. DOHERTY, LL.B., T.C.D. 

HROFESSOR OF PHYSICAL SCIBNCK IN TITB TRAINING DKPARTMBNT OF THH 
COMMISSIONERS OF NATIONAL KDUCATION, IR^fcJDto, 



%)LE\^;^ 



DUBLIN: 

ALEX. THOM & CO., 87, 88, & 89, ABBEY-STREET; 

M. H. GILL & SON, 50, UPPER SACKVILLE-STREET; 

SULLIVAN BROTHERS, 26 & 27, MARLBOROUGH-STREET 

LONDON: 

SIMPKIN, MARSHALL & CO. 
1881. 



IsL. G, irL 



PREFACE. 



This book contains the principles of the sciences of 
Motion and Force. These sciences were formerly 
treated of under the title Mechanics ; but in recent 
works the name of Kinematics is given to the science 
of motion, and DyTvamics to that of force. 

Since the publication of Professors Thomson and 
Tait's Natural Philosophy, and of Tait's Recent 
Advances i/n Physical Science, it has been generally 
acknowledged that the true foundation of the science 
of Dynamics is the Laws of Motion, as stated by 
Newton. Availing myself of these works, and guided 
to some extent by the course followed in recent exami- 
nation papers, I have attempted, with the aid of 
elementary mathematics only, to give in the following 
pages the statement and demonstration of the principles 
of Kinematics and Dynamics. A chapter is devoted 
to each of the Laws of Motion, which are explained at 
length and illustrated by examples. From these laws 
the propositions relating to forces in equilibrium follow 
at once as corollaries; and thus the laboured though in- 
genious proofs from first principles of the fundamental 
proposition of Statics — such as Duchayla's — are ren- 
dered unnecessary. 

The subjects treated of in these pages afford an 
excellent opportunity to the student for the applica- 
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tion of the abstract principles of geometry and algebra, 
which he has learned. For this reason alone they 
deserve a place in the curriculum even of elementary 
schools. As a means of mental culture thev are not 
inferior to the pure mathematics ; and throughout the 
work I have aimed at making their study an intellec- 
tual training. 

Numerous exercises of a varied character are ap- 
pended to each chapter. They are intended to illus- 
trate the subjects of the chapter, and they can all be 
solved by the principles explained in the text. Typical 
problems under each chapter have been worked as 
examples of the methods that the students may apply 
to the others. Hints for the solution of all the re- 
maining exercises are appended to the work. In these 
hints such help is afforded as a teacher would give to 
his pupils ; and thus where the aid of a teacher cannot 
be obtained, an intelligent student who has read the 
text may work through all the problems without the 
assistance of a master. 

A great many of the exercises have been selected 
from the Examination Papers of the Universities of 
London, Cambridge, Edinburgh, and Dublin, from the 
Woolwich Entrance Examination Papers, and from the 
Papers set to candidates at examinations held by the 
Science and Art Department, and by the National 
Board of Education, Ireland. Many of the questions, 
however, are original, and have been specially prepared 
to illustrate the demonstrations of the text. 

The subjects have not been treated in accordance 
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with the programme for any particular examination. 
As, however, the work is designed as a text-book for 
use in schools, and for students who are preparing for 
examinations, care has been taken to include all im- 
portant principles and demonstrations usually given 
in elementary works on Mechanics. 

The articles and chapters marked thus [*] are some- 
what more difficult than the others. They are given 
in their proper places in the text, but they may be 
omitted on a first reading of the work. 

J. J. D. 

Dublin, 

Ma/tf, 1881. 
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CHAPTER I. 

INTRODUCTORY. 

The laws of the material universe form the subject of 
Natural Philosophy. . 

There appear to be five fundamental conceptions to which 
■all our ideas of this universe may bo refeired. They are 
those of Time, Space, Motion, Force, and MctUer. 

Time and Space. — Algebra has been called the science of 
pure Time, and Geometry the science of pure Space. With 
these sciences we shall not bo directly concerned ; but we 
shall make use of their results and their methods. 

A measure of time is supplied to all mankind by the 
revolution of the earth on its axis ; and a second, which is 
the 86,400th part of the mean solar day, is the unit of time 
that is ordinarily employed. 

There is no such natiunJ measure of space, and hence dif- 
ferent nations make use of different and arbitrary units of 
space. In this country the scientific unit of length generally 
adopted is the ybo^, which is one-third of the etcmdard yard. 
The standard yard is defined by Act of Parliament to be the 
distance between the centres of the transverse lines in the 
two gold plugs in the bronze bar deposited in the Exchequer, 
the temperature being 62^ Fah. 

The French standard of length is the metre. It is neariy 
equal to 39*37 British inches. The looth part of the metre 
is the centimetre. 

Units of surfjAce and volume are derived from the units of 
length. 

Motion. — The science which treats of Motion^ without 
considering the causes which produce it or the quantily of 
matter moved^ has obtained the name of Kinematice, 

B 
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FosOB.— The science which treats of Force is Dyn/oamc^^ 
Dynamics is divided into Kinetics and Statics. Kinetics 
treats of forces producing motion, and Statics of forces main- 
taining rest 

Matter. — ^The science of Matter is Physics. 

Kinematics and Dynamics — the sciences of Motion and 
Force — ^form the subject of this work. 



CHAPTER n* 
KINEMATICS— MOTION. 

Relations between Space, Time, and Velocity. 

X. The motion of a body may be considered without taking 
account of the cause of the motion, or the matter of the body 
which is moved. Kinematics, the science which treats of 
motion in this way, is a mixed science of Time and Space^ 
and it therefore employs the processes of Algebra and 
Geometry. Since in Kinematics the quantity of matter in 
the body is not considered, it will generally be convenient 
to regard the body as indefinitely small in all its dimensions. 
Such a body is called & panicle or a material point. 

2. Motion is change of position. A body is at rest if it's 
situation in space remains unaltered; it is in motion if its 
position is changing. 

Best and Motion are relative terms. A book lying on 
the deck of a ship is at rest with respect to the ship, but in 
motion with respect to the earth. A stone on the ground is 
at rest as regards the earth, but it, along with the earth, is 
in motion. Absolute rest, so far as we know, does not 
exist in the universe ; and of the absolute motion of any 
body we are wholly ignorant. 

3. In considering the motion of a body from one position 
in space to another, we may also consider the time it takes 
to pass through any distance. The rate of the motion is 
called the Velocity. 
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y eloeity may be either 'omiform or vorioife. The velocity 
of a moving body is uniform when it paaaes over equal spaces 
in equal times. It is variable when it passes over unequal 
spaces in equal times. 

4. Uniform velocity is expressed by the number of units 
of length which the body passes over in the unit of time. 
Thus, if a train is moving uniformly at the rate of 5 miles 
in 10 minutes its velocity is 44 feet per second. 

Variable velocity is expressed at any instant by the num- 
ber of units of length which the body would pass over in a 
unit of time, if the velocity which it had at that instant 
continued uniform for the unit of time. If, for instance, a 
railway train is moving with a variable speed, and that at 
any instant its velocity is said to be i mile per minute, it is 
meant that if from that instant the velocity remained 
uniform with the velocity it had at that instant, the train 
would pass over the sixtieth part of a mile in one second, or 
a mile in one minute. 

5. A variable velocity may increase or decrease and either 
un&brmly or variably. A velocity variably altering will 
not be considered by us. It is convenient to have one name 
for a velocity either increasing or decreasing uniformly. 
Such a velocity is called an accelerated' velocity ; and the 
change of velocity in the unit of time is called the accdeTaiion, 
The acceleration is positive when an increase, and negative 
when a decrease. Acceleration is then the rate of i^ange 
of velocity. Thus, if a body be moving with the velocities 

in successive seconds of 20 feet, 25 feet, 30 feet, 

per second, it is moving with a tmiformly accelerated velocity, 
and the acceleration is 5 feet per second gained per second. 
If, again, a body move with the velocities in successive seconds 

of 12 feet, 10 feet, 8 feet, per second, it is 

moving with a uniformly accelerated velocity, the acceleration 
being 2 feet per second lost per second^ or an acceleration of 
2 feet per second, per seconii 

6. MeJations heU/oem Space, Time, and Velocity, Umform 
VeHocity, — ^A body moving with uniform velocity passes 
over the same space or length of path in each successive 

b2 
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second, and the space described in any second is the measure of 
the velocity. Thaa, if a body be moving with the uniform 
velocity u feet per second, it will in one second describe u 
feet, in 2 seconds 2u feet, in t seconds tu feet. Galling 
the space described in t seconds a, then — 

This equation expresses the relation between the space, the 
time, and the uniform velocity, and any two of these 
quantities being given the remaining one may be calculated. 
7. Uniformly Accelerated Velocity. — Let us suppose 
that a body has an initial uniform velocity of u feet per 
second, and that an acceleration / feet per second is com- 
municated to it in the direction of its motion, 
(i) To find its velocity at the end oft seconds. 
Since the body has at starting a velocity of u feet per 
second, and receives an increase of velocity of / feet per 
second in each second, its velocities will be — 

At starting, = u. 

At end of ist second, = u +/ 

At end of 2nd second, =:u + 2f 

At end of 3rd second, =u + ^f 



At end of ttii second, =u + tf. 

Let V denote the velocity at the end of t seconds, then — 

v = u + A, 

This equation expresses the relations between velocity, time, 
and acceleration. 

8. (2) To find the space described during the time t by a 
body which starts wi^ the velocity u feet per second and 
receives an acceleration f feet per second. 

We shall assume that if a body move with a uniformly 
accelerated velocity the space described in any time is the 
same as what the body would describe if it moved during 
the time with a uniform velocity equal to the mean of its 
two terminal velocities. If, for example, a railway train 
pafls a certain point on the line with a velocity of 10 miles 
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per hour, and moying with a umformly accelerated ▼elodty 
pass another point one hour afterwards with a velocity of 20 
nules per hour, it may be assumed as almost self-evident 
that the two points are 15 miles apart and that the space 
passed over by the train during the hour while moving with 
its accelerated velocity is the same as what it would have 
described had it moved umformly for the hour with the 

mean velocity = =15 miles per hour. 

Now, by hypothesis, the body has an initial velocity u^ and 
by equation, Art 7, its velocity at the end of the time t is 
H -^/tj thereifore, its mean or average velocity ii 






Now, if the body move with the uniform velocity u + ^ft for 
t seconds, the space described is, by Art 






This equation expresses the relations between space, time, 
velocity, and acceleration. 

9. (3) To find the velocUy aeqwred in moving through a 
gioen space. 

From Arts. 7 and 8, 

v=«^^ (i) 

Squaring equation (i), 

3st^+ 2/9 by equation (2) 

rhis equation expresses the relation between the space 
described and the velocity acquired in passiug through that 
ipace. 

10. If in the forgoing cases the acceleration be in a 
directum opposite to the initial velocity, then calling the 
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iirection of the latter positive, and that of the former 
aegative, by similar demonstrations to the foregoing we 
Jiould obtain the following results : — 

v = u -fi (i) 

B = ut-\ft^ (2) 

V* = w* - 2/9 (3) 

These, it will be seen, can be at once obtained from the 
former equations by writing -/ forjf. 

11. By writing these equations with the double sign de we 
obtain general formulaB applicable to all cases of the motion 
of a body possessing an initial velocity, and an acceleration 
either in the same or in the opposite direction — 

v — u^ft 

«* = «** 2/tf 

In these equations the + sign is to be taken when the 
acceleration is in the satue direction as the initial velocity, 
and the negative when it is in the opposite direction. 

1 2. If there be no initial velocity, u in the above equations 
becomes o, and the terms that contain u vanish. ]n this 
case, therefore — 

These equations apply to the case of an accelerated velocity 
where there is no initial velocity. Tliey may be obtained 
directly by demonstrations similar to those of Arts. 7, 8, and 9. 

[*] 13. The foregoing equations are so important that we 
shall give another proof of the formula %^vJb^\f^^ not 
involving the assumption of Art. 8. 

A body has an initial velocity u, cmd a/n acceleration f in 
the direction of its motion is given to it, it is required to show 
that in the time t the space described i8ut + ^/^. 
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Let the time t be diyided into n equal partus each equal 

to -. Then sinoe in a second the acceleration / is added to 
n 

the velocity, an acceleration '^ is added in Uie time - • And 

n n 

since the body at starting has a velocity u, and an acceleration 
^ is added during each of the equal intervals of time -, the 

velocities of the body at the beginning and at the end 
respectively of each interval will be as follows : — 

Intervals — i, 2, 3, 4, • • • n 

each mterral — } n n n n 

TelocHlMaifiw) ft 2ft , tft A A , nfi 

inurral— ) « w « n » 

How, if the body moved uniformly during each interval 
witii the velocity it had at the hegmnmg of tibe interval, the 
spaces desmbed during eadi interval would be found 
according to Art 6 by multiplying the respective velodtieB 

by the interval 1; ««1 ««, whole space deacribed hj the 

\mAj under this hypothesis would be found by adding these 
spaces together. Similariy, we could find the whole space 
described under the supposition that the bo^ moved 
uniformty lor each interval with the velocity it hiad at the 
end of the interval Let $^ denote the whole space that 
would be described if the body moved according to the first 
hypothesis^ and let $^ denote the space described under the 
second hypothesis. Then by Art. 



V n/n V n^n v n/n \ n/n 
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n \n n^y \n n* / \n n" / 

\n n'/ \n v? / \n w*/ \n vr / 

» n" 

And by finding tlie sum of eacli arithmetical series — 

n" 2 2 \ w/ 

W* 2 2 \ n/ 

Now, the* body, according to the original hypothesis, is 
moving with an accelerated velocity, and therefore during 
each of the equal intervals, it moves neither with the 
velocity it has at the beginning of the interval nor with that 
at the end, but with a varying velocity, which however is 
always intermediate between these two velocities. Hence, 
if 8 denote the space actually described by the body, 8 must 
lie between «, and 8, But the smaller the intervals are 
made, and the larger consequently n becomes, the more 
nearly the values of 8^ and 8^ approach each other. And 
when the interval becomes indefinitely small, and n infinitely 
great, each of the values of 8^ and 8^ may be regarded as 
expressing the space described under a constantly accelerated 
velocity, since then the velocity remains uniform only for 

an infinitely short interval. But when n is infinite I = o,^ 

n 

and «j =s «, =s t^ +*^1. And the space 8 actually described by 

2 

the body is intermediate between the values of «| and 8^ 
therefore^- 
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14. Failing Bodies. — ^When a body falls freely in a 
vacfwwm^ experiment shows that it receives a constant increase 
of velocity doling each second of its £eJL The motion of 
&]ling bodies consequently affords an illustration of the 
foregoing principles ; and this case of imiformly accelerated 
velocity is so important that the acceleration is usually 
denoted by a special symbol g. 

The value of g varies in different places. Its mean value 
for Great Britain is very nearly 32-2 feet per second. In 
tiie exercises which follow, it is supposed that there is no 
resistance firom the air ; and, unless when otherwise stated, 
the value of ^ is taken as 32 feet or 9*8 metres per second. 

The equations for falling bodies are the same as those of 
Arts. 1 1 and 12, ^ being written for f, 

v=gt (i) v^u^gt (4) 

9 = h^ (2) 8 = ta^igfi h) 

«• = 2g8 (3) «* = u* ± 2g8 (6) 

15. The following theorems on bodies fjedling from rest 
may be demonstrated here. The first two propositions are 
true for all bodies moving from rest with a constant 
acceleration. 

(i) The epaeea described by a body failing from rest are 
proportional to the squares of the nurnbere of seconds thai the 
body has been faiUng, 

By equation (2) of preceding Art. the spaces in i, 2, 3, 
4, ^., seconds are \g^ ^^ >< 2', ^ x 3', ^^ x 4', . . . ko, ; and 
tihese spaces are proportional to i', 2', 3', 4', dec. 

The spaces described in sticcessive seconds by a body 
from rest <vre proportional to the odd nwmbers i, 3, 5, 

Space in ist sec. = i^ ^ i 

„ 2nd „ =i^X2*-J^X i« = 4^x3 



(2)Th 

failing ft 



and these spaces are proportional to the odd numbers. 
(3) The sqtuxre of the nwmher of qua/rter seconds during 
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whMi a body fatts from rest is approximatelff equal to the 
number o//eet in the vertical distance described. 

Let X = N^ of quarter sees, for which the body falls ; then 

- = N^ of sees. ; and by equation (2) Art. 14, 
4 

Units of Velogity and Acceleration. 

16. Unit of Velocity. — ^Velocity, like all other 
quantities, is expressed in terms of a unit of its own kind. 
The unit of velocity selected is that velocity with which a 
body describes the unit of length in the unit of time. 
Keeping to the units of time and space already fixed, the 
British unit of velocity is a velocity of one foot per second^ 
and the metrical unit is a velocity of one centimetre per 
second. 

Unit of Accderoitum. — Similarly the unit of acoeleifttion 
is that acceleration with which the unit of velocity is gained 
or lost in the unit of time. The British unit of acceleration is 
therefore a velodty of one foot per second gained or lost per 
second, and the metrical unit of acceleration is a velocity of 
one centimetre per second, per second. 

17. A change in the units of time and space produces a 
change in the units of velocity and acceleration. 

Chomge in Unit of Velocity, — Since the greater ilie 
space a body passes over in a given time, the greater the 
velocity, it follows that if while the unit of time remains the 
same, the unit of length be increased, the unit of velocity 
will be increased in the same ratio. Again, the greater the 
time taken to pass over a given space the less the velocity, 
and therefore if while the unit of length is unaltered, the 
unit of time be increased, the unit of velocity will be 
diminished in the same ratio. Therefore, when both the units 
of length and time vary, the unit of velocity varies directly 
as the unit of length and inversely as the unit of tima 

Thus, when a foot is the unit of length and a second tho 
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unit of time, tiie unit of velociiy is i foot per second Now, 
(i), if a yard be made the unit of length while the unit of 
time is unaltered ; (2), if a minute be made the imit of time 
while the unit of length is unaltered ; (3), if a yard be made 
the unit of length, and a minute the unit of time— then the 
unit of velocity is (i), thrise times; (2), one sixtieth ; (3), 
one twentieth the original unit. 

Change in Unit 0/ Acceleration, — The unit of accelera- 
tion is the gain positively or negatively of the unit of 
velocity in the unit of time — ^that is, it is the unit of length 
in the unit of time gained in the unit of time. It follows 
that if the unit of time remain the same and the unit of 
length be changed, the unit of acceleration will be changed 
in the same ratio; but if the unit of length remain 
unaltered, and the unit of time vary, the unit of acceleration 
varies inversely as ihe- square of the unit of time. The 
unit of time enters twice into the value of the unit of 
acceleration. If the unit of time be increased, the unit 
of velocity is diminished in the same ratio, and the unit of 
velocity is gained in a proportionally greater tune, and 
therefore the unit of acceleration is diminished in the duplicate 
ratio of the unit of time. 

Thus, let the unit of acceleration be one foot per second, per 
second, the units of length and time being a foot and a second 
respectively. Now, (i), if a yard and a second be taken as 
the units ; (2), if a foot and a minute be the umts ; (3), if 
a yard and a minute be the units — then the new unit of 
acceleration is ( i), three times ; (2), one thirty-six hundredth; 
(3), one twelve hundredth ot its original value. 

18. It should be remembered that the numericai measure 
of a given quantity varies inversely as the units employed. 
Thus, if a shilling be taken as the unit, the numerical measure 
of one pound sterling is 20, but if a penny be the unit, the 
measure is 240. 

Thus, the numerical measure of a given velocity varies 
inversely as the unit of velocity, and the numerical measure 
of a given acceleration varies inversely as the unit of 
acceleration. Hence, the numerical measure of a velocity 
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varies inversely as the unit of lengUi, and directly as the 
unit of time, and the numerical measure of an acceleration 
varies inversely as the unit of length and directly as the 
square of the unit of time. 

19. B^n'eseTUations of Vdockiea and Accderaiiona, — 
Velocities and accelerations may 
be represented by straight lines 
whose lengths are proportional to 
the velocities or accelerations, and 
whose directions are those in 
which the body tends to move. 
Thus, A and OB may represent 
in magnitude and direction the 
two velocities or the two accelerations possessed by a body 
atO. 

Examples. 

z. A body moves from rest with an acceleration of lo yards per second : 
find (a), the space described in 10 seconds ; ((), the velocity acqnured in za 
fleconds ; (c), the velocity acquired in moving through 90 yards, 

ao yards = 60 ft = the acceleration. 

We employ the equations of Art. za, there being no initial velocity. 
(o) «=jyi8=J X 60 X io»= 3,000 feet 
(b") p= /l=6ox zo =6oo ft per 1". 
(c)f;«=ay# /. v=z^% X 60X a70=z8o ft per z". 

3. A body moves from rest for 6 seconds with an acceleration of zo feet 
per second : find the spaces described in the zst second, in the 3rd second, 
and in the two last seconds of its motion. 

We employ equations of Art. Z3. The space described in the 3rd 
second is equal to the space described in 3 seconds, less by the space in % 
seconds, and the space in the last two seconds is equal to the whole space 
described, less by the space in 4 seconds. 

(a) Space in zst sec. =r }y^=} x 10 x z := 5 ft 
m „ 3rd „ =i/C3«-at)=5f9-4)=a5ft 
(c) „ last two „ = }/(6« - 40 = 5(36 - 16) = icx) f t 
3« A body moves from rest with a uniform acceleration which ceases at 
the end of 5 seconds. The body continuing in motion with the velocity 
acquired at the end of the 5th second describes in the next z8 seconds a 
space of 450 metres : find the acceleration. 

450 

--g- =vel. at end of 5th seconds 25 metres per second* 

€= A /./s-^ = — - =5 metres per second. 
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4. 11 tae sptoes described in two saoceasiTB Moond* by « body whidi has 
moved from rest with « imifonii sooeleratioii be %%$ feet and 955 feet 
respectiyelj, what will be the spsoes described in the next two seoonds 
fespectivdj? 

By Art. 15, the difference of the spaces described in two saocessiTe seconds 
is equal to ^e acceleration, ,*. 

tS5^ 295 = 30 ft. the acceleration. 955 + 30= 985 ft and 
985+30=315. 985 ft and 3x5 ft 

5. A body falls from rest through 576 feet : find the time. 

6. Abody IB thrown upward with a veloGity of 96 feet per second. After 
how many seoonds will it be moving dotimward with a velocity of 40 feet 
per second ? 

As the initial velocity is oppodte in direction to the acceleration dae to 
gravity we use equation 4 of Art 14 with the negative sign, os«— ^, 
where tt=96 and 9= — 40 since it is dowmoard. Therefore— 

—40=96— 39t 
39«=i36/./=— =4j aeesL 

7. The acceleration dne to gravity (39 feet per second per second) is 
•represented by 640 when the unit of length is 5 feet : find the nnit of timeu 

Let t seoonds = nnit of time. 

39 feet per second gained per second 

39 
— -• units of length per second gained per second 

= ^xtxt units of length per unit of time gained per unit of time 

391* 640x5 

Therefore ^=640 .-. ««= — rr"^ /. <= 10 seconds. 
5 3* 

EXEBCISES. 

I. A body moves from rest with an acceleration of 90 ft per second: 
£nd (a), the velocity in 10 seconds ; ((), the space described in 5 seconds ; (c), 
the velocity acquired in moving through 40 feet 

9. In what time will a body which moves from rest with an acceleration 
of 30 feet per second acquire a velocity of 190 feet per second? 

3. In what time will a body moving from rest with an acceleration of 
8 feet per second describe a space of 900 ft ? 

4. A body possessing an initial uniform velocity of 100 feet per second 
has an acceleration of zo feet per second given to it : find (a), the velocity 
in half a minute ; ((), the space described in 5 seconds — the uniform and 
accelerated velocities being in the same direction. 
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5. If in the preceding exercise the accelerated vdocity were opposite in 
direction to the uniform velocity, find the velodtj and the space in the 
given times respectively. 

6. A body moving with an initial velocity of 20 feet per second receives 
an acceleration in the opposite direction of 5 feet per second : how far will 
it move before it comes to rest ? 

7. Find in the preceding the time of the motion. 

8. A body moving from rest with a uniform acceleration describes a 
space of 132 feet in the 6th second: find the acceleration, and^the whole 
space described. 

9. A body moves from rest with an acceleration of 80 yards per minute : 
wluit space will it describe in 50 seconds? 

zo. A body which has moved from rest is observed to pass over spaces of 
75 feet and Z05 feet in two successive seconds: what space was described 
in each of the two preceding seconds ? 

11. A body whidi has moved from rest is observed to pass over 17 feet 
and 33 feet in two successive seconds respectively : what space will it de- 
scribe in the 15 th second ? 

12. A body moving with a certain velocity loses a velocity of 15 feet 
per second every second, and comes to rest in half a minute : what was its 
velocity ? 

13. A body possessing a certain velocity loses ai^ acceleration of 8 feet 
per second, and comes to rest after moving through 100 feet : find the 
velocity. 

14. A stone is projected downwards from the top of a precipice with a 
velocity of 50 metres per second : (a), when will it have acquired a velocity 
of 99 metres per second ? (b). What space will it have then described ? 
(^=9*8 metres per sec.)? 

15. A body is thrown upwards and reaches a height of 510*3 metres : 
what was the velocity of projection ? 

16. What velocity will a falling body acquire in 20 minutes, the 
acceleration due to gravity being 9'8 metres per second ? 

17. If the spaces described by a body which has moved from rest under 
a constant acceleration be in two successive seconds 112} feet and 137^ 
feet respectively, what were the spaces described in the two preceding 
seconds respectively ? 

18. A body falls from rest for 6 seconds : what space does it describe 
in the last two seconds ? 

19. A stone is thrown upward with a velocity of 64 feet per second : 
find when it is 48 feet above the ground. 

2a A moving body is observed to increase its velocity by a velocity of 
8 feet per second in every second. How far would it move from rest in 5 
seconds ? 

21. A body known to possess a constant acceleration moves from rest 
and describes 36 feet in the first 3 seconds. With what velocity will it be 
moving at the end of the sixth second ? 

22. A body falls freely from rest through 256 feet How long will it 
take to fall through the next 256 ft ? 
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33. A body falling freely is observed to describe 176 feet in a certain 
seccHod : how long previously to this second had it been falling ? 

34. How long will it take a body to fall freely from rest through a 
vertical height of 192 yards ? 

15. A, B, C are three points in a vertical line, A being at the top ; a 
body faUs from rest from A, and is observed to pass from B to C in 2 
seconds : if B is 144 feet above C, how many feet is A above B ? 

96. Show that when a body falls from rest the space described varies as 
the square of the time from the beginning of motion. 

27. The acceleration due to gravity bei^ 33 when a foot is the unit of 
length and a second the unit of time, what is the unit of time when the 
acceleration of gravity is represented by 384, and a yard is the unit of 
length* 

38. When a minute is the unit of time and a yard the unit of length, 
find the measure of the acceleration with which a train moving from rest 
acquires in 5 minutes a velocity of 60 miles per hour. 

39. Find the measure of the acceleration in the foregoing case when a 
foot is the unit of length and a second the unit of time. 

3a What is the measure of a velocity of 30 miles per hour in feet per 
second? 

31. If an acceleration be expressed by 33 when a foot and a second are 
the units of length and time respectively, what will be the measure of the. 
acceleration when a yard and a minute are the units ? 
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CHAPTER m. 

COMPOSITION AND RESOLUTION OF 
VKJLOCITIES AND AGGKLERATIONS. 

20. CoTnponevUa and BesuUant. — A body may have at 
the same time two or more velocities in the same or in 
>difirerent directions, and its actual velocity will be the com- 
bined result of these velocities. Thus, suppose a ship drifts 
with a current, and a man walks along the deck in the 
direction of the ship's motion, the distance on the earth's 
surface that he moves over in a second is evidently the sum 
of the distances moved by the ship and by himself in the 
second ; so that his actual velocity is in this case the sum 
of the two velocities. Similarly when he walks in a direction 
opposite to the ship's motion, his actual velocity is the diHer- 
ence of the two velocities ; and if these velocities be equal 
his position as regards the earth's surface is unchanged. 
Again, when a ship acted on by a current sails in a direction 
making an angle with the current, and a man walks across 
the deck, his actual velocity is the combined result of three 
velocities. 

The velocities possessed at the same time by any body are 
called the Component velocities, the actual velocity is termed 
the ResuUxmt, and the determination of the resultant when 
the component velocities are given is called the Composition 
of Velocities. 

21. ComposiHon of Velocities in the same straiglU line. — 
If a body have two or more velocities in the same line and 
in the same direction, the resultant is evidently the gua^ 
of these velocities. If two velocities are in the same line 
but in opposite directions their resultant is their difference, 
and is in the direction of the greater. If a body have any 
number of velocities in the same line, some in one direction 
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aiid some in the other, then calling those in one direction 
positive and the others negative the resultant is the algebraic 
sum of the velocities. 

22. Composition of two uniform vdoeiUei in different 
directions. — If a particle possess at the same time two uniform 
velocities in directions which are inclined to each other, the 
resultant velocity is determined bj the following proposition : 

The Parallelogram of Velocities. If the two i/mform 
veloeiiies possessed by a particle be represerUed in magnitude 
and direction by the two adjacent sides of a paraUdogram^ 
the diagonal of the paraUelogram drawn Arough (he particle 
will represent the resultant velocity in magnitude and direc- 
tion* 

Let a particle at O have 
at the same time two 
uniform velocities which 
are represented in magni- 
tude and direction b j the 
lines OAf OB, respec- 
tivelj; then if the paral- 
lelog^ram O ALB be formed 
and the diagonal OL drawn, OL will represent the resultant 
vdocitj both in magnitude and direction. 

Since the component velocities are both uniform and their 
directkms straight lines, it may be assumed that their re- 
sultant will also be a uniform velodt j in a straight line. 
Now^ since the particle has two uniform velocities repre- 
sented bj OA and OB rei^^ectivelj, ito motion inll be the 
same if we suppcse that while the particle moves along the 
line O A with the velocity represented b j O A, the matorial 
line OAis moving parallel to itself in the direction OB with 
tlie velocity represented by OB. Thus when the parole 
arrives at the eztrCToity A the line O A will coindde with 
BL, and the partide wUl at that instant be at the point L. 
And as the particle has thus moved from A to L and with a 
uniform vdoeity in a straight line, it must have moved along 
tiie line OL Henoe OL rqwesents the resultant velocity 
in magnitude and direction* 
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[*] 23. The Parallelogram of Velocities being a fdnda- 
mentol proposition in Kinematics, we shall give another 
proof of the proposition which does not involve the assump- 
bion of the preceding article. 

Let a particle at O have 
sit the same instant a 
uniform velocity v along 
O A, and a uniform velocity 
v' along OB. Let OA be 
ike distance which the 
particle would describe in q 
a time ^ if it moved with 
the velocity v alone, and let OB be the space it wonld 
describe if it moved with the velocity v^ alone. Complete the 
parallelogram OALB, and draw the diagonal OL ; then : — 

(i) The particle at the end of the time t will be at L ; 

(2) At any intermediate time it will be found on the line 
OL; 

(3^ It will move with uniform velocity along OL. 

(i) "With the velocity v alone, the particle moving uni- 
^onnly through v feet per second will in t seconds describe 
:he space t;f. Therefore O A = t;^. Similarly OB = t?7. Now, 
since the particle possesses at the same time a velocity v 
along OA and a velocity v' along OB its motion will be the 
same if we suppose that the particle moves along OA with a 
velocity v, while the material line OA carrying the particle 
along with it moves parallel to itself in the direction of the 
line BL with the velocity v'. 4 The extremity O of the line 
OA will consequently move along OB with the velocity v*, 
and in the time t, the line OA will coincide with BL. But 
in the time t, the particle will have moved along OA to A, 
and as the point A will then coincide with L, the particle 
will be at L at the end of the time t 

(2) Let t' be any time intermediate between t and the 
instant of starting. In the time t' the particle would describe 
some distance 00 with the velocity v alone, and some distance 
OD with the velocity v' alone. Complete the parallelogram 
OCND. Then it may be shown as before that in the time 
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^ the particle will be at N ; it is required to prove that K 
is a point on the line OL. 
Since— 

OB=:t/^, OD = t/«' 

Therefore-— 

OB xft %f 
and — 

OD v'i ^ 

Therefore, OA : OB : : 00 : OD. Hence the parallelo- 
grams OALBy OCND are similar, and therefore they are 
about the same diagonal. Thus N is a point on the line OL. 

(3) Since the triangles OAL, OON are similar — 

Oh _OA^vt ^t 
GS 00 vtf ? 

That is OL : ON i:t:tf. Hence the spaces passed over by 
the particle moving along OL are proportional to the times 
of describing them, and therefore the particle moves with 
uniform velocity along OL. 

Therefore the line OL represents both in magnitude and 
direction the resultant of the velocities represented by OA 
and OB. 

24. Hence if the two component velocities of a particle 
be given in magnitude and direction, the resultant velocity 
is determined geometrically by completing the parallelogram 
and drawing the diagonal passiug through the particle. This 
diagonal represents iiie resultant. 

25. If the numerical values of the velocities be given and 
the angle between their directions, the determination of the 
resultant is the same as the following problem: — 

Given the two adjacent sides of a paaraUeloffram and the 
4zngle between them to find the diagonal. 

26. The solution of this problem requires in general the 
Sdd of trigonometry. Some particular cases however may 

o2 
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be solved by elementary geometry. These cases are when 
the angle between the adjacent sides of the parallelogram 
has one of the following yalues: — 30% 45% 60% 90", 120% 

I3S% ISO'- 
Let a particle at O (Figs, i and 2) have velocities 





Fig. I. Fig. 2. 

represented by OA and OB, which form with each other the 
angle AOB. Complete the parallelogram and draw the 
diagonal OL. From L draw LM perpendicular to OB, or 
OB produced. 

Then when AOB is acute^ as in Fig. i, the angle OBL is 
obtuse, and (£nc. II., 12) — 

0L« = 0B« + BL« + 2OB • BM (i) 

And when AOB is obtuse (Fig. 2), then OBL is acute, and 
(Exic. IL, 13)— 

OU = 0B2 + BL2 - 2OB • BM (2) 

Now when the angle AOB is one of the angles 30*, 60*, 
120**, 150^ the triangle LBM is half an equilateral triangle 
whose side LB is double the shortest side, and as LB = OA, 
which is given, the sides of the triangle LBM can be cal- 
culated, and BM is thus found. And when the angle AOB 
is either 45* or 135% the triangle LBM is an isosceles right- 
angled triangle, and hence BM can be found. Therefore since 
BM can be determined in all these cases, all the quantities 
on the right hand side of equations (i) and (2) above are 
known, and therefore the resultant OL can be calculated. 

When the angle AOB is a right angle, then (Euc. I., 47) — 

0L2 = LB2 + 0B2 = 0A2 + 0B«, 
whence OL can be determined* 
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[*] 27. A general formula may be found by which the 
sultant of two given velocities whose directions are inclined 
at a given angle, may be calculated. 

Let the particle at O 
have a velocity v along 
OA, and a velocity v' 
along OB, and let OA 
and OB represent in mag- 
nitude and direction these 
velocities. Complete the 
parallelogram and draw 

the diagonal OL. Let OL = V = the resultant velodly ; and 
let A.OB = a. Then OBL = i So* - o. 

Then by trigonometry — 

0L« = BL2 + 0B« - 2BL • OB cos(i8o« - a) 
/. V5» = i?2 + v'^ - 2VV cos(i8o° - a) 
.-. V* = «* + 1;'2 + 2tw' cos a ; 
which is the formula required. 

28. Triangle of Velocities. Ij^ a particle at rest have 
given to it at the same instant three velocities which are repre- 
sented in magnittide and direction by the sides of a triangle 
taken in order, the pwrtide wUl remain at rest 

I£ a particle possess the three velocities represented by 




ihe sides AB, BC^ CA of the triangle ABC taken in order, 
it will remain at rest. 

From A draw AD parallel and equal to BC and 
join DC. Then the velocities AB and BC are represented 
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by the lines AB and AD. But by the parallelogram of velo- 
cities the resultant of the velocities AB and AD is AC. 
Using this resultant in place of the velocities AB, BC, the par- 
ticle has two velocities represented by AC and CA, and 8inc& 
these are equal and opposite, the particle remains at rest. 

In the foregoing proposition it is not to be understood 
that the partide tends to move along the lines AB, BC, and 
CA, but parallel to these directions. If O represents the 
particle, and if from O we draw Om, On, Op parallel and equal 
respectively to AB, BC, CA, the lines Om, On, Op will 
represent ike actual paths of tiie velocities. The expression 
tc^cen in order means that the directions of the velocities are 
determined by the order of the sides. The first velocity 
tends from A to B, the second from B to C, and the third 
frx>m C to A, not from A to C. 

29. Polygon of Velocities. If a particle cUrest home given- 
to it at the same insta/nt velocities which are represejUed in 
magnitude ami direction by the sides of a polygon taken in. 
order i the particle toiU remain at rest 

Let AB, BC, CD, DE, B A 

represent the velocities : then 
Art. 22, the velocities AB and 
BC are equivalent to their re- 
sultant AC; AC and CD to 
AD; andADandDEtoAE. 
The velocities consequently 
are equivalent to the two, AE 
and EA; and as these are 
equal and opposite, the par- 
ticle remains at rest. 

30, Parallelopiped of Velocitiea If a particle possess at 
ihe same time three velocities which a/re represented in magni- 
tude and position by three adjacent edges of a pa/raHMopiped^ 
the particle tmU tend to move wOh a resfUtant velocity which 
is represented in magnitude amd position by the diagonal 
of the paraildopiped drawn &om the intersectum of tJie 
three edges. 
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Let AB, AG, AD be the 
three velocities: then Art. 
33> the resultant of AB and 
AC is AE, and the resultant 
of AE and AD is AF. 
Therefore AF is the re- 
soltant of the three velodties. 

The resoltant AF may be 
calculated when the nnmeri- 
cal values of the three velocities are given« For — 

AF = VAE» + AD« = VAB» + AC« + AD«. 

3 1. BewluUon of VdocUies. — ^The Eesolntion of Velocities 
is ike converse of the Composition of Velocities. It is the 
finding of the components when the resoltant is the given 
velocity. A given velocity may be resolved into two com- 
ponents by constmcting a parallelogram with the line re- 
presenting the given velodly as diagonal, then two adjacent 
sides intersecting the diagonal represent the components. 
In the solution of problems the direction of one of die com- 
ponents is generally determined by the problem, and it is 
usually found convenient to make the direction of the other 
component at right angles to the former. The value of the 
component or reaohed part of the vdocUy in (vny dmetion 
can be calculated when the velocity is given, and the angle 
which its direction makes with the direiBtion in which it is 
resolved. Thus if O A be a 
given velocity, and a the angle 
which its direction makes with 
the horizontal line, then OB is 
the resolved part of O A in a 
horizontal direction, and OB = 
OAcoso. Similarly 0C = the 
resolved part in a verdcal direction = O A sin a* 

32. To detemwne the reniUant oj any mmber ofvdoeities 
poseeseed by apartide. 

This may be effected by the following methods : — 

(a) £y repeated appUoaXione of the ParaUdogram oJ 
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Velocities. — Find, Art 22, the resultaiit of two of the 
velocities, then of this resultant Telocity and a third, and so 
on to the last. The final resultant will be the resultant of 
all the velocities. 

(b) By the Polygon of Velodtiea. — Construct a figure whose 
sides taken in order will represent the magnitude anddirection 
of the velocities ; then the line closing the figure and taken 
in the opposite direction will represent the resultant. Thus, 
if, in Fig. of Art. 29, AB, BC, CD, DB be lines representing 
the velocities, then, as was shown in Art. 29, A£ represents 
the resultant velocity. 

(e) Byresohmg the veheu 
tiee in two directions at right 
angles, cmd compotmding the 
results. 

Let O be the particle pos- 
sessing any number of velod- • — 
ties. Through O draw the 
axes X and y at right angles 
to each other. Resolve all 
the velocities along the hori- 
zontal axis, and along the vertical axis. Let the sum of the 
resolved parts along x be called X, and the sum of the 
resolved parts along ^ be ¥", then the resultant of X and Y is 
the resultant of all the velocities. Calling the final resultant 
V, then since X and T are at right angles, by the Parallelo- 
gram of Velocities — 

33. Composition a/nd Resolution of Accelerations, — Since 
Accelerations are the velocities gained in the unit of 
time, they may also be represented by lines, and may be 
compounded and resolved precisely in the same way as 
Velocities. There are thus corresponding propositions in 
Accelerations to those in Velocities. It will not be necessary 
to state and prove at length the Parallelogram of Accelera- 
tions, the TViangle of Accelerations, &c., since the demon- 
strations would be exactly similar to those of the corresponding 
propositions in Velocities. 
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I. A rirer whose breadth is looo yards runs with m Teloeitj of $ aafles 
per hour, and a man swims across it, keeping always at right angies to 
the cim c nt , at tiierateof lO feet per seeond : find (a), his resultant Telocity; 
{b)f how long he will take to cross ; (c), how far down from the poini 
^sittdOj opposite he will land. 

3 mOes per lionr=4*4 ft per sec=yeL of 



(a) V= V»* + s^* = V4'4* + lo* = 10-9 ft per 

^^ XOOOX3 actual space described 

(p) ^=tooseea.=5nuns.: or ' scmma. 

(e) 300 X 4*4= 1320 feeL 

4. A body has two nnif onn relodties of so ft and 15 ft per second in 
directions indinerl at an angle of 60O : find the resultant velocity. 

▼«=»' +»*« +«w' cosas=20* +S5*+a X 20 x 45 x J/. ¥=39 feet per see 
nesriy. 

The resultant Tciocity may alao be found by the method of Art. 96. 

3. find the horixontal and the rertical c omp onent of a Telocity of 50 
ft per second whose direction makes an angle of 30^ with the horism. 

a/I . 

Horizontal component =50 oos 3gP=50^-^=25^3 

z 

Vertical da. r=50sin 30**= 50x1=45. 

4. A portide po soca s cs three uniform Tdodties of 30 ft, 40 ft, and 50 
ft per second respectiTely in directions iHiidi coincide with three adjacent 
edges of a paiaDdop^ed : find the space described in 6 seconds 

V m V30' + 40* + 50* = 707 ft, 
and 707x6=424*4 ft 



I. A oody poesgwfs at the same instant Tslodties of 90 ft, xo ft, and 
3 ft per second r espec ti v e ly : can it remain at rest? 

4. A ship drifted with a current at the rate of 3 miles per hour is im- 
pelled by the wind in the opposite direction with a Telocity of x8o yards 
per minute : what is the veloieity of the afa^ reUtiTe to the earth*s sur- 



3. A ship is drifted eastward by a current at the rate of 6 mOes per 
hour and is impelled by the wind southward at the rate of 8 mOes per 
hour : what is tiie resultant Telocity? 

4. A body at a point A has given to it at the same instant three 
uniform Tclocitiea, two of which are in the same direction and are 20 ft 
and 25 ft per second respectively, and the other, which is xoo yards per 
minute, in the opposite direction : iriicre will the body be in xo seconds ? 
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5. A body posMSses a iinifonn acceleration of zoo feet per second in & 
dinction inclined at an angle of 60^ to the horizon : And the components of 
this acceleration in the horizontal and in the vertical direction. 

6. What velocity in a vertical direction is eqaivalent to a velocity of 
500 ft per second in a durection making with the horizon an angle of io9 ? 

7. A river is a qnarter of a mile wide, and the water flows at the rate oi 
10 yards per minnte. A boat starts from a point in one of the banks and 
is rowed across the stream at right angles to the cnrrent at the rate of 44 
yards per minute : where will it land, and how long will it take to crosfi V 

8. A boat is rowed with uniform velocity first np a river and then down 
it. The river flows at the rate of % miles per bonr, and the boat is rowed 
throughout with such force as would give it a velocity of 10 miles per 
hour in. still water : flnd the actual velocity in each case. 

9. A boat rowed at a uniform rate goes ^\ miles in half an hour down 
the stream, and 6} miles in half an hour up tiie stream : find the rate of 
the stream. 

10. A ship sails southward with a velocity of 5 V3 feet per second, and 
a ball is rolled across the deck towards the west with a velocity of 5 feet 
per second : flnd the velocity of the ball relative to the earth*s surface, and 
the angle which its direction makes with the direction of the ship's 
motion. 

zi. The resultant of two velocities is 50 feet and its direction makes an 
angle of 60^ with the direction of one of the components. If the compon- 
ent be IS 'Mt P^ second, what is the other ? 

1%, Two men starting together run, the one towards the east at the rate 
oli% miles per hour, and the other to the north at the rate of zo mUes per 
hour: how far apart will they be in half an hour ? 

Z3. Two roads are inclined to each other at an angle of 60^. Two men 
travel along the roads each at the rate of 3 miles per hour : how far apart 
will they be in half an hour ? 

Z4. A ship is sailing at the rate of 1$ miles per hour, and a sdlor climbs 
the mast at the rate of zo feet per second : what is his resultant velocity ? 

1$, Fhid the resultant of two equal velocities of zoo feet per second (a), 
inclined at an angle of 30^; (6), at an angle of ito^, 

z6. A body has a velocity of %s '^^ ^ ^ minute, and another is miles 
per hour : find the ratio of their velocities. 

Z7. One man rows a mile in zo minutes, and another zoo yards in 10 
seconds : flnd the ratio of their velocities. 

18. A particle has three velocities 8 ft, 8 ft., and zo ft respectively 
whose direction are inclined to each other at angles of zso^ : flnd the 
resultant velocity. 

Z9, A particle has three velocities of 60 ft to the east, 30 feet to the 
north, and so feet to the west : flnd the resultant velocity. 

20. A ship is Muling with a velocity of 6 miles an hour, and a sailor 
climbs the mast at the rate of zo ft per sec. : flnd his resultant velocity. 

az. A ship sails southward with the velocity of is miles per hour, while it 
is drifted eastwards by a current at the rate of 3 miles per hour, and a sailor 
climbs the mast at the rate of 8 feet per second : flnd his resultant velocity. 
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IS. A ship sailing towards the E. at the rate of ii miles per hour ia 
drifted by a current to the 8.E. at the rate of 3 miles per boor: what 
distance will the ship sail in 4 hours? 

53. A particle has three acceleratbns of so, 30, and soVJ ft respectively 
in directions coinciding with three adjacent edges of a paraOelopiped: 
find the space passed over in zo seconds. 

54. A particle has uniform Telodties of 20 metres and 50 metres per 
second inclined at an angle of 45^ : find the resultant Telodtj, and the 
space described in s seconds. 

sj. Accelerations of 50, 100, and loo^s ft. per second respectiyelj are 
in a direction inclined to the horizon at an angle of 45^ : find the yalne of 
each in a horizontal direction. 

s6. A ship sails at the rate of 15 mOes per hour, and a man walks across 
the deck at right angles to the ship's motion at the rate of 10 feet per 
second: what Is his resultant Telocity , and how far wHl he move in 3 sees. ? 

S7. If in the foregoing case the direction in which the man walks makes 
an angle of 120^ with the course of the ship, find his velocity. 

s8. A body possesses accelerations of 10 feet and is feet per second 
respectively in directions Inclined at an an^e whose cosine is *3 : find the 
resultant acceleration. 

S9. A body has accelerations of 20 ft. and 30 ft per second respectively 
in directions which make an angle whose cosine is i : find the resultant 
acceleration, and the space described in zo seconds. 

3a A body possesses simultaneously four equal uniform velocities each 
of zo feet per second. The directions of the first and second make an angle 
of 30^, those of the second and third 60^, and those of the third and fourth- 
30® : find the resultant velocity, and the space described in 5 seconds. 
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CHAPTER IV. 
DYNAMICS— FORCE. 

KINETICS — FOBCE AND MOTION. 

Th>e First Law of Motion. Composition of Uniform cmd 
Accelerated Velocities in the same direction. 

34. Up to the present we have considered the motion of 
bodies without taking into account the cause of the motion. 
That cause is Force. The relations between force and motion 
are expressed in Newton's Three Laws of Motion. The first 
of these laws is given here ; the others will be stated and 
explained in succeeding chapters. 

35. Newton's Fibst Law of Motion. — Every body 
conthvaes in its state of rest or of uniform motion in a straight 
linCf unless compelled by impressed forces to change Uutt 
state. 

Body is the name applied to a portion of matter. MaMer 
is anything that affects the senses, and which can be acted 
upon by force. Force is whatever changes or tends to change 
« body's state of rest or of uniform motion in a straight 
line. 

36. The first law of motion expresses that property of 
matter which is usually denoted by the term inertia. By 
the inertia of matter is meant that it is indifferent either to 
rest or motion. If at rest matter has no power to put itself 
in motion, and if in motion it has no tendency to come to 
rest. The laws of motion are inferences from observation 
and experiment. They do not admit of direct demonstration, 
but indirectiy their truth may readily be established. That 
matter at rest has no power to put itself in motion, may be 
assumed as self-evident. That bodies in motion have no 
tendency to stop, is apparently at variance with observation. 
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Bat a little oomdderation will show that the apparent 
tendency of bodies in motion to come to rest is lesJly due 
to forces sach as friction and the resistance of the air, which 
act on the bodies ; and that were it not for these forces, the 
bodies would oontinne in a state of uniform motion. 1£ 
these forces are lessened, the motion will last for a longer 
time. When a body is set in motion on a rough surface, 
where the friction is great^ it soon comes to rest, but if 
this roughneas be diminished the duration of the motion is 
increased, and the smoother the surface the longer the 
motion laists. Hence we infer that if we could remove all 
opposing forces the state of uniform motion would continue 
unchanged. 

37. Therefore if a body be at rest, or be in uniform 
motion in a right line, either no force acts on the body, or 
the forces which act on it equiKbrate each other^s effects. 
Matter, so frur as we know, does not exist separate from force. 
What matter is or what force is, we do not know. We can 
only obserye the properties of the one and the effects of the 
other. One of the chief effects of force is motion, and any 
cause which changes or tends to change the state of rest or 
of motion in which a portion of matter may be we call force. 
If one force only acts on a body, a change in the body's state 
of rest or motion must ensue. If the body does not change 
its state of rest or motion, then another force, or forces, 
must be acting on it, whose effect counterbalances that of 
the former. A body at rest on a horizontal table is acted on 
by the attraction of the earth, which cends to move the 
body vertically downwards, and the body would move in 
this direction, were it not acted upon by an equal and 
opposite force, the reaction of the table. When a railway 
train is in uniform motion on a horizontal road, the reaction 
of the road equiKbrates the weight of the train, and the 
propelling force acting on the train equilibrates the opposing 
forces of friction and the resistance of the air. No part of the 
propelling force is applied to keep up the motion of the train. 

38. There are various kinds offerees. Attraction of gravi- 
tation, molecular forces, electrical forces, vital forces. At 
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present we are coDcemed only with the mecb&mcal eSects 
of forcos, and with the metJiods by which they may be 
representod and meaBured. 

39. Forces may be represented by lines. There are three 
elemcnte which specify a force, its maflnittide, its direction, 
and its point of application ; and all 01 these may be repte- 
Bentcd by a line. Thus the . 

lino OA represents the magni- 
tude of a force acting at the 
point O, and in the direction 
indicated by the arrow head at 
A. Similarly OB is a force 
.icting from O to B. " 

(t) A standard 
This standard 

force in loeighL The attraction of gravity is constantly 
acting uj>on bodies, and as a consequence all bodies hare 
weight. The we^t of a body is the force witi which the 
earth draws the body towards it. The unit of weight usually 
adopted in this country is the pound weight. The weight of 
a pound is the force with which the eartli attracts the 
quantity of matter in a pound. All other forces may be 
expressed in terms of this unit. Thus we say a man pulls 
with a force of 20 lbs., meaning that the muscular effort he 
exerts is equal to the pull of ^e earth on the quantity of 
matter ia 20 lbs., and that the one force would therefore 
exactly counterbalance the other. This method of estimating 
force is that which is usually employed in Statics. 

(2) It follows from the definition of force that its true 
measure is the qvantity qf motion it can produM. This is 
the measure of foixw employed in EinetiCB. Quantity of 
motion will be considered in the next chapter, and this mode 
' estimating force will then be expltuned. 

41. If a force acton al^ody for any time, the body, if free 

to move, will acquire a certain velocity. Then if the force 

cease its action, and no other force act on the body, it wUl 

in a straight line and with the uniform velocity it 
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lias acquired. Tf however the force continue its action, a 
oonstant acceleration will be added in each unit of time, and 
the body will therefore move with an accelerated velocity. 

If a body slide down a smooth inclined plane a part of the 
force of the earth's attraction on the body is neutralized by 
the reaction of the plane, the acceleration produced is conse- 
quently less than g^ and the body moves down the plane 
with an accelerated velocity, the acceleration depending upon 
the inclination of the plane. 

The motion of a falling body is due to the earth's attrac- 
tion, which is a constant force acting on the body, and which 
adds an acceleration g in each second to the velocity. A body 
falls therefore with an accelerated velocity. 

42. We may assume — an assumption which will after- 
waids be justified — that the force of attraction will produce 
its full effect upon a body independentiy of any motion that 
the body may have from the action of any other force. 
Hence if a stone be thrown in any direction, two velocities 
are imparted to it, one by the muscular effort, and the other 
by gravity. The velocity imparted by the former force is 
uniform, since the muscalar action on the stone ceases as 
soon as the latter leaves the hand ; but gravity being a con- 
stant force produces an accelerated velocity. The effect of 
each force is independent of the other, and the position of 
the stone after any time can be determined by finding its 
position after the time on the hypothesis that it is acted 
upon by one of the forces only, and then supposing that it 
moves from this position under the influence of the second 
force only for the same time. The principles that have been 
laid down in Chap. I. will however enable us to deal with the 
motion of bodies in such cases, in a more concise manner. 
We proceed to consider some examples of the motion of 
bodies on inclined planes, and the motion of a body possess- 
ing a uniform initial velocity and an accelerated velocity due 
to gravity. 

43. MMan on Inclmed Plcmea. — Let W be the weight 
of a body placed on an inclined plane whose inclination is L 
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The weight W would produce 

an acceleration g vertically 

downwards if the body were 

free to move in that direction. 

Resolving the acceleration g in 

the direction of the plane, 

and at right angles to it, the 

component in the direction of 

the plane is g sint, and at right angles to it is ^ cost. The 

latter component is counteracted by the reaction of the plane, 

and the body will therefore move down the plane with the 

acceleration g sint. Thus the relations between space^ 

time, and acceleration, in the case of a body moving down an 

inclined plane, are determined from the equations of Art. 

14, by writing g sin* for g. 

44. The following propositions relate to motion on in> 
clined planes: — 

(i) The velocity acquired by a body in falling dovm a/n in- 
clined plane is equal to what it would acquire in falling /reely 
throtigh the height of the plane. 

In the figure of the preceding Art, let I be the length of 

the plane, and h the height, then sin i = 7* 

By Art 14, equation (3), the velocity acquired in falling 
through the height = ^2gh. By the same equation and the 
preceding Art., the velocity acquired in falling down the 
plane*- 



^2^sini / = ^ zg jl^ y/2gh. 



(2) Jf through the highest point of a vertical circle chords 
be drawn, the time occupied by a body in falling from rest down 
amy chord is consta/nt, a/nd is equal to the time taken by a body 
in faXlmg freel/y through the diameter dra/wn from the same 
paint. 
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Let P be the highest point of a ver- 
tical circle, PA a vertical diameter, PB 
any chord. Join BA, and draw BC 
perpendicular to PA. Let i = angle 
PBC ; then i = angle PAB, and PB = 
PA sini. 

By Art. 14, equation (2), the time of 

falling down PA = J^^^ 




9 



=y, 



2PB 
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Bj Arts. 14 and 43, the time down PB 

/ 2 PA ami /2PA 

V g smi ~ V g 

Hence the time down any chord is the same as the time 
•down the diameter. 

In the same way it may be shown that the proposition 
holds for chords drawn through the lowest point 

The proposition is also true for circles whose planes are 
inclined to the vertical. 

45. This proposition enables us to solve a class of problems 
respecting Unes of quickest descent. One of these problems 
is as follows : — 

To find the line of quickest descent Jrom a given paint to a 
jgvoen line in the same vertical plane. 

Let P be the given point, O A 
the given line. Describe a 
circle having P its highest point 
and touching OA in a point B. 
Then PB is the line of quickest 
•descent. Draw any other line 
PCD to OA. Then by the 
preceding proposition the time 
down PC is equal to the time 
down PB, therefore the time 
down PD is greater than that down PB. 

46. Uniform Velocity with Accelerated Velocity, — ^We 
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have now to consider the motioa of a bodf posaesaing a 
uniform velocitj imparted by some force, and an accelerated 
velocity produced by gravity. This may be distinguished 
into two caaes. 

L When the uniform and accelerated velodties are in th& 
same line. 

II. When they are in different lines. 

A Btone thrown vertically upwards or downwards is an 
example of the firat. A. stone thrown in any direction not 
vertical is an example of the second. 

We suppose in all cases that the motion takes place in a 
vacuum, so that there is no resistance from, the air. 

47. I. When a body is projected vertically upwards, and 
falls back to the point of projection : — 

(i) J^ Ume of ascent is equal to the time ofdeaoeiU. 

(2) The vdocity when it returns to the point of projection 
ia equal to the velocity untA which it %eaa projected, but is 
t^posite in direction. 

(3) The velocity at wny point in its aseent is equal and 
opposite to its velocity at Ae same point in its descent 

Since the velocity with which the body is projected is op- 
poute in direction to that due to gravity, we use the equations 
of Art. 14 with the negative signs, where « represents the 
velocity of projection — 

v-tt-gt (i) 

t>»=W»-2if« (3> 

When the body reaches its greatest height, it comes to rest 
for an instant and its velocity is zero. Hence in equation 
(i) putting v = o and solving for t, we find the time in 
whi^ the velocity of the body becomes o, and therefore the 
time taken to reach the greatest height. From(i) os:u — gt 

;.t = — = time of ascent. 
9 
When the body comes b^ck to the point of projection its 
height above that point is o. Hence in (z) by putting « = o 
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and solving for I, wefindo = «il~^^.'.t = — = wholetime 

214 14 U 

of fliffhtb Hence the time of falling = — - - s - .*. the time 

-^ e g g g 

of ascent is equal to the time of descent. 

Again the initial velocity with which the body is projected 

214 

upwards being Uy to find the velocity after the time — , when 
the body returns to the point of projection. In equation (i) 

214 214 

v^u-giy snbstitating — for I, then 0=14-^ — = 14 — 2i» 

9 * 9 

= -14. Hence the velocities are it and ~i4 respectivdy, 

that is they are equal but opposite in direction. 

Again any point of the body's ascent may be considered 
a point of projection, and the velocity at that point as the 
vdocity of projection. Then by the preceding demonstration 
when Uie body returns to this point in its descent^ its velocity 
will be equal to the upward velocity at that point but opposite 
to it in direction. 

In equation (i) «» « -^, it will be seen that v continues 
positive so long as ^ is less than 14 ; that is the motion of 
the body is upwards. When ^=u, 9 becomes o; that is the 
body comes to rest. When gt is greater than 14, v becomes 
n^;ative ; that is the motion of the body is now downwards. 

48. It is to be remembered that the foregoing results are 
true only on the hypothesis stated in Art. 46, that the bodies 
are moving in a vacuum. In the air the velocity when the 
body comes back is less than the velocity of projection, and 
the time taken in the descent is greater than in the ascent. 

When a body is thrown upwards a portion of its motion 
is destroyed by the resistance of the air, and as a consequence 
the body does not reach such a height as it would in a vacuum. 
Hence \i it fell even in a vacuum through this height its final 
velocity would not be equal to that of projection. But during 
its fall through the air its velocity is retarded by the air, and 
therefore for both reasons its velocity when it reaches the 
point of projection is less than its initial velocity. 

d2 
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It follows that its velocity at any point of its descent is 
less than the velocity at the same point of its ascent. Each 
indefinitely small portion of the descent must consequently 
have been described with a less velocity than the same portion 
of the ascent. The time of describing each portion of the 
descent is consequently greater than the time of describing 
the same portion in the ascent. Therefore the whole time 
of descent is greater than the whole time of ascent. 

49. The motion of a body thrown downwards may be 
deduced from the equations of Art. 14 using the positive 
signs. 

Examples. 

X. A Btone is projected vertically upwards with a velocity of 160 feet 
per second : find the greatest height to which it will rise, and the time of 
reaching that height. 

Art. 47. ifi=ii^—2ff8, where v becomes o when the body reaches its 

ffi 1 60^^ 
greatest height, .*. o=«*— 20*, and «=— = =400 ft s greatest 

height 

Time of reaching greatest height =!i=L5s c seconds. 

3. A body is thrown vertically upwards with a velocity of 100 metres 
per second : when will it return to the point of projection ? (^ = 9*8 metres 
per second.) 

A i. ... . tu tx 100 

Art 47. t= — = 5— =ao'4sec8. 

9 9'^ 

3. A body is projected from the ground with a velocity of zoo feet per 

second, and half a second afterwards another is projected with a velocity ol 
400 ft. per second : when will the latter overtake the former ? 

Let t=the time taken by the first, then (t—jf) sees. = the time taken by 
second. Substituting these times for t in the general equation 8=ut^ ^gt', 
we obtain the spaces traversed by each body. These spaces are equal, .'. 

aoo t - 16^ = 400 (« - J) - 16 (< - J)«. 

Solving this equation for t, we find t=*94 sec., the time from the starting 
of the first body. 

4. A body is thrown up an inclined plane which rises x in 8 with a 
velocity of 100 ft per second : how far will it move in 4 seconds ? 

(Arts. 14 and 43), i=vit-\g sini f2= 100 x 4- J x 3a x J x 48=368 ft 

5. While a balloon is rising uniformly a stone is let fall from the car 
which, after % seconds, strikes and passes through the glass roof of a build- 
ing. The stone loses one-half the velocity with which it struck the glasf 
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and it reaches the ground in half a aecond afterwards : what is the height 
of the giass roof above the ground ? 

Art. Z4. tr=!ii— ^=40-32x2= -24 = «4 downwards. 

24 
Telocity after passing through the glass ^ T ^ '^ ft. per sec. downwards. 

ssttf -|.|^> = 12 X ^+ } X 32 X (})* rs xo feet. 

& While a balloon is ascending with a uniform velocity of 50 feet per 
second, the aeronaut throws a stone yertically downwards with a velocity 
of 30 feet per second. The stone reaches the ground in xo seconds after its 
projection : find (a), the height of the balloon above the ground at the 
instant of projection ; (&), at the instant when the stone reaches the ground ; 
(c), the greatest hdght above the ground to which the stone attains. 

The upward velocity of the stone at the instant of projection = 50—30= 
oo ft. We employ the equations of Art 14 with the negative sign. 

(a) #=frf—J^"=20xxo— 16x100=200— 1600=— 1400. Therefore 
the stone in 10 seconds will be 1400 feet behw the point of projection, and 
hence the height of the balloon at the instant of projection was 1400 ft. 

(h) 50x10+ 1400= 1900 ft. 

u* 20* 
(c) »"=»"-i^#.-.o=ii»-i^.'.f=-=j^^=6} ft, greatest height 

above point of projection ; and 1400 + 6|^ = greatest height above ground = 
i4o6ift 

EXEECflSES. 

z. A body is projected TerticaUy upwards with a velocity 5^, when will 
its velocity be 2^ ? 
Find also when the body will rise to the height Sff. 

2. A stone is projected vertically upwards with a velocity of 96 feet 
per second : find its height above the point of projection :— (a),in 2 seconds ; 
(h), in 5 seconds ; (e), in 6 seconds ; (d), in 10 seconds ; (e), in 12 seconds. 

3. A stone is projected vertically upwards with a velodty of 64 feet per 
second from the base of a tower 128 feet hi^^ at the same instant that 
another is projected downwards from the top of the tower with the same 
velocity : where will the stones meet ? 

4. Find in the preceding case where the stones will meet if the stone at 
the top is allowed merely to fall from the top of the tower. 

5. A body is projected vertically with a velodty of 120 feet per second : 
find (a), the greatest height to which it will rise ; (6), the height in 5 seconds; 
(e)j the hei^t in zo seconds. 

6. Bind in the foregoing question the time of fli^^ 

7. A body projected vertically from the ground just reaches the top of a 
tower 256 ft high : when did it pass the middle point of the tower, and 
when did it reach the top ? 

8. In the foregoing question fiud the velocity with which the body is 
moving when it reaches the middle point of the tower going up and coming 
down. 
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9. A body falls from rest down an inclined plane which rises i in 10: 
find the velocitj alter 4 seconds. 

la Find the space described in 5 seconds by a body which falls from 
rest down an inclhied plane whose inclination is 30^. 

II. An inclined plane rises i in 16, and a body is thrown np the plana 
with a velocity of 138 feet per second, and jnst reaches the top when it 
conies to rest : what is the length of the plane ? 

II. A body falls from rest down an incline whose length is 118 feet and 
inclination 30^ : find the time. 

13. A body is thrown np an inclined plane which rises 1 in 10 with a 
Telocity of 50 feet per second : (a), what is the velocity after 5 seconds ? 
(() When will the body stop? 

14. A plane rises i in 64. and is 115 ft. long: with what velocity mnst a 
body be projected np the plane so as jnst to reach the top ? 

15. A body is projected down a plane whose inclination is 60^ with a 
velocity of 50 ft. per second : find the velocity and the space described. 

16. A railway carriage mns from rest down an incline of z in 100 : find 
the space described in 5 minutes. 

17. In the preceding case, find what space wonld be described in a 
minute if the carriage started with a velocity of 15 miles per hour. 

18. A stone falls from the top of a precipice, and a seconds afterwards 
another falls from a point 191 feet lower down : when and where will the 
first stone overtake the second ? 

19. A stone is thrown downwards with a velocity of 20 feet per second, 
and 2 seconds afterwards another is projected after it with a velocity of 
100 feet per second : when will it overtake the first ? 

ao. A stone is thrown upwards with a velocity of no feet per second, 
and 2 seconds afterwards another is projected after it with the velocity of 
aoo ft. per second : when will the stones be together ? 

21. A chord drawn from the highest point of a vertical cirde makes an 
angle of 45^ with the vertical diameter, and is 32 feet long : find the time 
taken by a body to fall from rest down the chord. 

22. Find the time of running down a chord 24 feet long drawn from the 
highest point of a vertical circle at an angle of 30^ with tiie vertical 
diameter. 

23. A body receives in one direction a uniform velocity of 10 feet per 
second, and in a direction inclined at an angle of 60^ to the former an 
acceleration of 2 feet per second : what will its velocity be at the end of 5 
seconds? 

24. A body is projected horizontally with a velocity of 100 feet per second 
and receives an acceleration of 32 ft. per second vertically downwards : 
what will be its velocity in 5 seconds, and what will be its distance from 
the point of projection ? 

25. A body is projected at an angle of 30^ to the horizon with a velocity 
of 48 feet per second, and is acted on by gravity : what will be its velocity 
at the end of 3 seconds? 

26. A body receives a uniform velocity in one direction with which it 
would describe a space of 512 feet in 4 seconds, and it receives an acoelera* 
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tion in a direction inclined at an angle of zao^ to the former with which it 
would describe in the same time 256 feet : what will be its velocity at the 
end of the 4 seconds ? 

%y. While a balloon is ascending with a uniform Telocity of 50 feet per 
second, the aeronaut throws a stone vertically upwards with a velocity of 
30 feet per second. The stone reaches the ground in 10 seconds after 
its projection: what was the height of the balloon at the instant of pro- 
jection ? 

38. If the balloon in the foregoing question continues ascending uni- 
formly : find (a)y the height of the balloon above the ground when the 
stoue reaches it ; (6), the greatest height above the ground iihich the stone 
attains. 

29. While a balloon is descending uniformly with a velocity of 100 ft 
per second, the aeronaut throws a stone vertically upwards with a velocity of 
zoo ft. per second. The stone reaches the ground in 5 seconds : what 
was the height above the ground at the instant of projection? 

30. A stone is projected horizontally from the top of a tower with a 
velocity of 100 feet per second, and reaches the ground in 2| seconds : find 
(z), the height of the tower ; (i), the distance from the point where it 
reaches the ground to the base of the tower ; (3), the distance from the 
same point to the top of the tower. 

3Z. A man standing up in a boat is likely to fall if the boat suddenly 
move on ; and if standing while the boat is in motion he is likely to fall if 
the boat suddenly strike the bank : state in each case the direction the 
man falls, and the reason. 

32. While a train is in motion at the rate of 30 rnUes per hour, a screw 
in the roof of one of the carriages becomes detached and falls for one second 
when it strikes the floor of the carriage : (a), what path will it appear to a 
person in the carriage to describe? (6) How far does it move in a 
horizontal direction while falling? (c) How far in a vertical durection ? 

33. While a circus horse is galloping with uniform velocity the rider 
throws a ball upwards, and it returns again to his hand : in what direction 
was it thrown ? 

34. While a railway train is moving with a uniform velocity of 50 feet 
per second a stone is thrown vertically upwards with a velocity of 80 feet 
per second from an open carriage in the train. Neglecting the resistance of 
the air : find (a), the greatest height it reaches ; (6), the time of flight ; 
{e), the horizontal range. 

35. A balloon ascends from the ground with a uniform velocity of 16 
feet per second, and after zo seconds a stone is let fall from the car: when 
will it reach the ground ? 

36. A lift ascends from the ground with a uniform acceleration of z6 
feet per second, and after 3 seconds a stone is let fall from it: when will it 
reach the ground ? 

37. A lift ascends from the ground with a uniform acceleration of z6 
feet per second, and after 10 seconds a stone islet fall from it : when will it 
xeach the ground ? 



40 DYNAMICS — KINETICS. 

38. A tMill is allowed to fall to the ground from a certain height, and at 
the same instant another ball is thrown upwards with just sufficient velocity 
to carry it to the height from which the first one fell : show when and 
where the two balls will pass each other. 

39. The intensity of gravity at the surface of the planet Jupiter being 
about a*6 times as great as it is at the surface of the earth, find the time 
which a heavy body would occupy in falling from a height of 167 feet t& 
the surface of the planet Jupiter. 

40. A heavy body on a level plane has simultaneously communicated to 
it an upward vertical velocity of 48 feet per second and a horizontal velocity 
of 35 feet per second : find (a), its greatest height ; (5), its range : (c), whole 
time of flight. 

41. A body is projected up an inclined plane whose inclination is 30^ 
with a velocity of 16 feet per second: (i), how far will it move before 
coming to rest; (2), how far will it be from the starting point after 5 
seconds from the beginning of motion ? 

43. A balloon has been ascending vertically at a uniform rate for 4*5 
seconds, and a stone let fall from it reaches the ground in 7 seconds : find 
the velocity of the balloon and the height from which the stone has been 
let fall. 

43. A tower is 100 feet high and a stone is projected upwards from the 
base with a velocity which just carries it to the top: when will it be within 
ao feet of the top ? 

44. If a stone be thrown vertically upwards with a velocity of 200 feet 
per second : how long will it be before it comes back to the point of pro- 
jection ? 

45. If a body is thrown vertically upwards and moves for 6 seconds 
before it stops, what was the velocity with which it was thrown ? 

46. A stone is thrown vertically upwards in a vacuum, and after reaching 
a certain height it returns to the point of projection : prove that it took the 
same time in its ascent as in its descent. 

47. At the instant when a balloon is 400 yards above the ground and 
ascending with a velocity of 16 feet per secondt a stone is dropped from the 
car: (a), where will the stone be at the end of one second, and (6), when 
will it reach the ground ? 

48. A body is gaining every minute a velocity of 15 miles per minute : 
what is the measure of the acceleration when the units are the foot and the- 
second respectively ? 

49. If 32 be the measure of the acceleration produced by gravity whei> 
a foot and a second are the units of length and time respectivdy, what will 
be the measoie when the unit of length is 5 yards and the unit of time 5 
minutes? 
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[•] CHAPTER V. 

PROJSGTILSS. 

Composition of Umfomn cmd Accelerated Velocities in 

different directione, 

50. We shall consider in this chapter case II. of Art. 46. 

51. It has been shown in Art. 22 that when a body 
possesses at the same time two tmiform velocities it will 
move with uniform velocity along the diagonal of the 
parallelogram having for adjacent sides lines representing the 
two component velocities. 

If a body possess a uniform velocity in one direction, and 
an accelerated velocity in another, the poeiUan of the body 
at the end of any time will be determined in the same way 
as in Art 22, but the body will not move in a straight line 
along the diagonal 

52. Let a body at O possess a 
unHbrm velocity along OC and an 
accelerated velocity along OC ; let 
OA, OB, 00, <fec., be the paths it 
would describe in i second, 2 
seconds, 3 seconds, &c., respectively, 
if moving with the uniform velocity 
alone, and OA', OB', OC be the 
paths in the same times, if moving 
with the accelerated velocity alone. 
Then as in Art 22 it may be 
shown that the body will be at K 
in one second, at L in two seconds, 
at M in three seconds, &c. Thus 

the position of the body possessing simultaneously the two 
velocities will be the same at the end of the first second, as 
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if it haa first moved from O to A, and tben from A to K. 
In the same way the position of the body at intermediate 
times may be determined. 

Since the distances OA^ A'B', B'C are unequal, and 
OA^ AB, BC equal it is evident that the points K, L, M do 
not lie upon the diagonal joining OM. If an indefinite 
number of such parallelograms be constructed so as to de- 
termine the positions of the body at intermediate times the 
angular points of these parallelograms remote from O would 
form a curve OKLM, the nature of which will depend upon 
the kind of acceleration aloug OC. 

53. If a body be projected in any direction which is not 
vertical a uniform velocity is given to it by the force of 
projection, and an accelerated velocity by gravity. Such a 
body is called a projectile, and we have now to consider the 
motion of projectiles. The body is supposed to be moving 
in a vacuti/m, so that there is no resistance from the air, and 
during the motion gravity is the only force acting on the body. 

54. Before preceding to consider the nature of the path 
of a projectile, the student should be acquainted with the 
following definitions and properties of the parabola : 

Def. Ifajixed straight line and a fixed point be taken, and 
if a curve he d/ra/wn so that a/ny point i'l it is equidistamt from 
the fixed point and thefioced straight line, the cwrve is called a 
parabola. 

Let BAG be a fixed line 
and F a fixed point, and 
let the curve OSVP be 
such that any point in it 
is equidistant from F and 
from BC, then the curve 
is a parabola. Take any 
point O and draw OB 
perpendicular to BC, and 
join OF then OB = OF. 
Similarly PC = PF and 
VA = VF. Thefixedline 
BC is called the directrix, 
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juid the point F the focus. The straight line AF through F 
snd perpendicular to the directrix is the aocU of the parabola. 
The point V where the axis intersects the curve is the vertex. 
The line PP drawn through the focus at right angles to the 
axis and terminated by the curve is the latus rectum. The 
latus rectum PP = 2FP = 2PC = 4FV = 4AV. The line drawn 
from any point in the curve touching the curve is a ta/ngent. 
A line drawn parallel to the axis from any point in the curve 
is a dia/meter. In the figure OT is a tangent, and SS a 
diameter. A line SQ drawn from any point S parallel to a 
tangent OT and terminated by the diameter through O is 
termed an ordinate^ and the portion of the diameter OQ is 
called an ahsdssa. 

It is proved in Conic Sections that the ratio of the square 

of the ordinate to the abscissa is constant, and is equal to 

four times the distance of the point O from the directrix or 

from the focus. Hence wherever the points O and S are 

SQ« 
taken the ratio jtq is constant and is equal to 4OF. This 

is a characteristic property of the parabola, and if this pro- 
perty is found in any curve, we infer that the curve is a 
parabola. 

55. We proceed to demonstrate some propositions regard- 
ing the motion of projectiles : — 

The path of a projectile is a pwrahola. 
Let a body be projected in a vacuum 
&om O in the direction OT, which is not 
vertical, and with the velocity u. Let 
OT be the line which the body would 
describe in the time ^ if it were not acted 
upon by gravity. From T draw TS ver- 
tical and equal to the space which the body 
would describe in the time t under the 
influence of gravity. Then, Art. 22, the projectile will oe 
at S after the time t ; and by Art. 52, it will move in some 
curve from to S during this time. Complete the parallelo- 
gram QS = OT = t^, and 0Q = TS = |5ri". Therefore QS'a 
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— OQ. Therefore QS" is equal to OQ multiplied by a con- 

if 

stant, and hence the square of the ordinate varies as the 
abscissa. Therefore the curve OS is a parabola whose axis 
is vertical ; and the distance of O from the focus, and from 

2U^ u^ 

the directrix is one-fourth of — = — . 

56. In the following propositions on projectiles we shall 
suppose that in every case the initial velocity of projection 
is u, and that the direction of projection makes an angle a 
with the horizontal plane. It follows from Art. 31 that re- 
solving this velocity horizontally and vertically, the hori- 
zontal component is u cosa, and the vertical u sina. We 
may regard the body as moving with these two velocities, 
and we assume, as in Art. 42, that each velocity is inde- 
pendent of the other. So far as vertical effects are concerned, 
we may regard the body as moving with the velocity u sina 
only, and so far as regards horizontal effects, with the velocity 
u cosa only. The vertical velocity of a projectile constantly 
changes owing to the opposite acceleration produced by 
gravity. There being no opposing force in a horizontal 
direction, the horizontal velocity remains the same throughout 
the whole flight. 

57. The velocity 0/ a projectile a^ any point 0/ its path is 
equal to wha^ it would acquire if it feU from rest from the 
directrix to that point. 

From the point of projection where the velocitv is u, the 

distance of the directrix is — (Art. 55); and by Art. 14^ 

2g 

w" . 
equation 3, if a body fall through the space — it will acquire 

the velocity u. Now any point of the path of a projectile 

may be considered the point of projection, and the velocity 

there, the velocity of projection. Thus if at any other point 

v^ 
the velocity be v, the distance of the directrix is — , and. 

Art. 14, a body fiedling through this height will acquire the 
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Telocity o. Hence the velociiy at any point is equal to 
what would be acquired in falling from rest to that point 
from the directrix. 

58. To find the laUu rectum ofthepan^la described hjf a 
projectile. 

By Art. 54 the latus rectum is equal to four times the 
distance of the vertex from the directrix. At the vertex the 
vertical velocity is zero, and therefore the whole velocity is 
the same aa the horizontal component and is therefore u ooso. 
The height from which a body must faU to acquire this 

v^ cos'a 
velocity is, Art. 14, and by last Art. this is the dis- 
tance from the vertex to the directrix. Four times this 

distance or is (Art. 54) the latus rectum. 

59. To find the time t» which a projectile reaches its 
greatest height. 

The velocity of projection being u, and a the angle made 
with the horizon, the vertical velocity is u sino. Let t = 
time taken to reach the greatest height. In the general 
equation 4 of Art 14 substituting for u the vertical velocily 
u sino, we obtain — 

v — usana-gL 

When the body reaches its gi'eatest height v becomes o, 
and the equation becomes — 

o = tt sina-^ 

u sina 
:.tm 

60. Tojvnd ike greatest height 

From Art 14 v* = t^' ~ 2gs, Substituting for u the vertical 
velocity u sina, and since v becomes o when the body 
reaches its greatest height, therefore — 

o = «' 8in^a-2^« 

w' sin'a 

29 
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6i. To find thewhx)le time of flight. 

The time of flight is the time that elapses from pro- 
jection till the projectile returns to the horizontal plane 
passing through the point of projection. Let t = time of 
flight. From Art. 14, 8 = w< - ^^, where s denotes the height 
above the horizontal plane. This height is o at the time t, 
therefore substituting the vertical velocity u sina for Uy 
we obtain — 

o = u sina t - ^gfi 

2U sina 

62. ITie time 0/ ascent of a projectile is equal to the time of 

. 2U sina 
descent. By last Art. the whole time of flight is — - — r 

y 

, _ . _ . , 4 wsina , ^ - 
and the time of ascent is, by Art. 59, ; therefore the 

if 

n t . . 2U sina u sina u sina 

time of descent is — — = . 

9 9 9 

63. The vertical velocity on retiMming to the horizorUaX 
plane is equal to the vertical component of projection, btU i» 
opposite in direction. 

By Art. 14 the vertical velocity in the time t is given by 
the equation v = u-gt. Substituting for w, u sina, and for 
t, the time of flight as found by Art 61 — 

2U sina 

vssuBma-g = —u sina. 

y 

Therefore the vertical velocity on returning to the horizontal 
plane is equal to the vertical velocity of projection, but is 
opposite in direction. 

Since any point of the path of a projectHe may be taken as 

the point of projection, and its velocity there as the velocity 

^f^^^f""!' '* ^""^J^^l *^** *^® vertical velocities at any two 

& ? V^^ P***" ""^ a projectUe which are in the same 

horizontal phme are equal but opposite in direction. And aa 
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the horizontal velocity remains the same thronghont the whole 
flight both in magnitude and direction, therefore the whole 
yelocitieB at these two points are also equal but oppositely 
inclined to the plane and making equal angles with it. 

64* To fimd the rcmg^. on the horizontal plane. — By Art» 
61 the time of flight is , and the nnifonn horizontal 

Telocity is u coaa, therefore, Art. 6, the horizontal space 
described, or the range, is — 

2U sina _ 2 „. ^^ v? 2sina cosa ft* sinaa 
X u cosa = - tt sina u cosa = = 

9 9 9 9 

65. With a given velocity of projection u, the range will 
be the greatest when sin2a has its greatest value, that is 
when 2a = 90% and a = 45^ 

Again calling the range r, then r «= £?, and w' = -r-^ . 

g 8in2a 

Hence u has its least value when sin2a is greatest, that is 
when a = 45°. 

Therefore with a given velocity the greatest range is 
obtained when the angle of projection is made 45°; and 
with a given range the least velocity is required when the 
angle of projection is 45^ 

66. To Jlnd the eqiMtion to the curve desmbed by a projectile. 

Let OS be aportion of the path 
of a projectile, S any point of the 
curve, SN a vertical through S, 
meeting the horizontal line ON 
drawn through the point of pro- 
jection ; then the equation to the 
curve is the expression of the rela- _ 
tion between the co-ordinates SN x H 

and ON. Let SN = y, and ON = x. Let u be the velocity 
of projection, a the angle of projection, and t the time at 
which the projectile reaches S, and let the vertical through 
S meet the direction of projection at T. Then since the 
horizontal velocity is uniform and equal to u cosa, the 
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horizontal space described in the time tiau cosa t (Art. 6), 
therefore — 

a; = ucosa^ (i) 

Again from Art. 14 the vertical space in the time t with the 
vertical velocity u sina is u sina t - ^gi\ therefore — 

y = u sina t - \g^ (2) 

Finding the value of t in (i) and substituting it in (2) we 
obtain — 

v = (rtana i- — 5- (xS 

^ 2M« cos^a ^^^ 

These equations will be found very useful in the solution of 
problems. The last enables us to solve the following 
problem : — 

67. To find the cmgU at which a body nvuat he projected 
with a given velocity so as to hit a given point. 

Let the point be S. Then since S is given x and y are 
known, and in equation (3) all the quantities are known 

except a, which is the angle of projection. Since — L. 

oos'a 

= I + tan^a this equation may be written^- 

y = x tana — —2(1 + tan^a). 

Solving this equation for tana, we find the angle of projec- 
tion. 

When the two roots of this quadratic equation are both 
real and unequal there are two angles of projection, and two 
solutions of the problem ; when both roots are real and equal, 
there is only one solution; and when both are imaginary 
there is no solution and the problem is impossible. 

68. The results of Art. 47 should be compared with those 
of the preceding Arts. Some of these residts are placed side 
by side in the following table. It will be seen that so far 
as vertical effects are concerned the results of the preceding 
Arts, can be obtained from those of Art 47 by writing 
u sina for u. 
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Body projected 
yertically with 
Telocity u. 

U 



u-gt 



V 



2 = 1/2- 



u 



2g8 



Body projected at an 

angle a with horizontal 

plane with yelocity u. 

u sina 

u cosa 

u sina - gt 

v^ = w'sin'a - 2g8 
u sina 



Vertical component of 
velocity, 

Horizontal component, 

Vertical velocity in time <, 

Equation connecting verti- 
cal velocity and space, . 

Time of greatest height, . 

Greatest height, • • 

Whole time of flight. 

Horizontal r:inge, . 

y 

69. The foregoing investigation of the motion of projectiles 
in a vacuum possesses only a theoretical interest, and has no 
practical value. Owing to the resistance of the air, the path 
of a body projected with any considerable velocity is not a 
parabola, and the results observed differ very widely from 
those obtained by calculation. The theory affords however 
a valuable illustration of the principles diat have been ex- 
plained, and should therefore receive the careful attention 
of the student. 
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Examples. 



I. A body is projected with a velocity of 120 feet per second at an angle 
of 60° with the horizon : find (i), the greatest height ; (2), the time of 
flight ; (3), the range. 

ti* sin'a lao* x \ 
(i) By Art. 60, the greatest height = — — — •= ^^ ,^ =16875 '««t» 
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V3 



^ V « . r . . . «. , 2M sinor 2 X I20X ^ ^ 

(a) By Art. oi, the time of night = = ' = 6'49 seo» 

(3) Art. 64, the range =— sm2a = =215 v3 '^ 

2. A body is projected with a velocity of 8^ feet per second at an incli- 
nation of 60° to the horizontal plane : what is the range ? 

tt« (Say V3 / , 

Art 64, ranges — sin2a= sin i20® = 64^x-x- = i024V3 ft. 



ExERCISEf. 

I. While a railway train is moving uniformly with a velocity of 50 feet 
per second, a body is projected from the train in the direction in which it 
is moving with a velocity of 32 feet per second and at an angle of 60^ with 
the horizon : find (a), the greatest height to which the projectile will rise ; 
(6), the time of flight ; (c), the horizontal range. 

a. A body is projected at an angle of 30^ to the horizon with a velocity 
of 120 feet : find its height at the end of 2 seconds. 

3. In the foregoing question if the projectile hit a vertical wall in 3 
seconds, how far is the wall away? 

4. Three bodies are projected horizontally from the top of a tower 64 feet 
high with velocities of 80 ft., 100 ft., and 120 ft respectively: find the 
time in each case when the body comes to the ground, and the horizontal 
distance traversed by each. 

5. A body is projected at an angle of 45^ to the horizon, and in 4 sees, 
it just passes horizontally over the top of a wall : what was the velocity of 
projection ? 

6. A cannon ball is fired horizontally with a velocity of 15CX) ft. per 
second from the top of a hill, and strikes the level plain 5 seconds af tei^ 
wards : what is the height of the hill above the plain? 

7. From the foregoing question find the horizontal distance traversed by 
the cannon balL 

8. A body is projected at an angle to the horizon whose sine is ^, with a 
velocity of 256 feet per second : find the greatest height to which it will 
rise, and the time of flight 

9. A body is projected at an angle of 30^ to the horizon with a velocity 
of 256 feet per second, and at the same instant another is projected verti- 
cally. Both reach the ground at the same time : what was the velocity 
of the latter? 

10. A body is projected with a velocity of 320 ft. per second at an in- 
clination of ys^ to the horizon: what is the range? 
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1 1. What would the range have been in last question if the angle of 
projection had been 45^? 

1 2. Three bodies are projected horizontally from the top of a tower 64 
feet high with velocities of 100, 900, and 300 ft respectively : when will 
they reach the horizontal plane ? 

13. A body is projected with a velocity u at an angle a to the horizon : 
how long does it take to reach the further end of the latus rectum of the 
parabola which it describes? 

14. The velocities of a projectile at two points of its path are respectively 
96 feet and 64 feet : find the distance of the focus of the parabolic path 
from the first point, and the distance of the directrix from the second. 

15. Four bodies are projected with equal velocities of 96 feet per second,, 
and at angles with the horizon of 30^,45^, ^s'^i '^^^ 9^^ respectively: 
find the range of each. 

16. The range of a projectile is 512 feet, and the angle of projection 45 : 
what was the velocity of projection? 

17. A body is projected at an angle with the horizon whose sine is ^, 
and just passes horizontally over a wall 64 ft. high : what was the velocity 
of projection? 
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CHAPTER VI. 

SECOND LA^W OF MOTION. 

Relations between Force, Mass, and Acceleration, 

70. We have seen that when a force acts on a body it 
tends to move it, and if the body be free to move, it will be 
set in motion in the direction in which the force acts. The 
velocity communicated to a body by a given force in a 
given time will however vary with the quantity of matter 
in the body. The quantity of matter in a body is called 
its Mass ; and experiment shows that the following relations 
subsist betvreen the mass of a body, the force acting upon it, 
and the acceleration produced : — 

(i) A constant force acting on the same mass produces 
a. constant acceleration. 

(2) If different forces act on the same mass the accele- 
rations are proportional to the forces. 

(3) If the same force acts on different masses, the 
accelerations are inversely proportional to the masses. 

To these we add the statement made above. 

{4) When a force produces motion in a body the motion 
takes place in the direction in which the force acts. 

All these statements are included in Newton's Second 
Law op Motion, which is as follows : — 

The change in the quantity of motion is proportional to the 
impressed forcCy and takes place in tJie direction of the straight 
line in which the force acts, 

71. The foregoing relations between force, mass, and 
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acceleration may be verified approximately by experiment 
in several ways. The following is one of the most satis- 
factory: — 

A fine silk string is passed round a 
smooth pulley W, which turns freely on its 
axis, and to tJie ends of the string weights 
P and Q are attached. P and Q are com- 
posed of a number of thin circular discs, 
all equal in weight, which can be readily 
removed or replaced at pleasure ; and the 
mass of the pulley and the string is so 
small compared with that of P and Q ? 
that it may be neglected in the experi- E 
ment. DJ 

If P and Q be equal, the system will remain at rest, since 
the tension acting upwards on each weight is exactly 
balanced by the weight acting downwards. Jf one of the 
weights P be made greater than Q, the system will be set in 
motion, P downwards and Q upwards. The force causing 
motion is P — Q, the difference of the weights P and Q, and 
the mass moved is the quantity of matter in P + Q. 

If now we i-emove an equal number of discs from P and 
Q, or add an equal number to each, the mass moved becomes 
changed while the force causing motion, P - Q, remains the 
same. And by taking some of the discs from Q and placing 
them on P, or conversely, we change the force P - Q which 
produces the motion while the mass moved remains unaltered. 
We have thus a ready means of varying the force while the 
mass remains constant, or varying the mass while the force 
remains constant. 

A vertical scale AD is fixed near the instrument, which 
may be used as follows to verify the statements of Art. 70 : — 

72. One of the weights P b(dng made greater than the 
other, P is raised to some point in the scale, and when the 
system is at rest, the support under P is withdrawn and 
the spaces described by it in successive seconds are observed. 
Suppose at the end of the first second P arrives at B, at the 
end of the second second at 0, at the third at D, and so on. 
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The spaces AB, BC, CD, &c., are then measured, and it is 
found that if the distance from A to B be called d, BC is 
equal to ^d, CD to 5 c?, DE to jdy &c. Hence a constant 
increase of 2c? is added to the velocity in each second, and 
thus a constant acceleration is produced by the same force 
P - Q acting on the same mass. If now we vary the weights 
P and Q and repeat the experiment, a new acceleration is 
obtained which is also constant. Hence we infer that the 
same force acting on tlie same mass produces a constant 
acceleration. 

Again take weights P and Q, and determine the accele- 
ration as before with the force P - Q. Now remove some 
of the discs from one weight and place them on the other. 
The force which produces motion is different, while the mass 
moved remains the same. Determining the acceleration in 
the latter case and comparing it with the acceleration due to 
the force P - Q, it is found that the Ojccelerations are fro- 
portional to the forces. 

If once more we determine the acceleration with any 
weights P and Q, and that we then i-emove equal weights from 
P and Q, or add equal weights to them, and find the new 
acceleration. The force producing motion is in both cases 
P - Q, while the masses moved are different ; and it is found 
that the accelerations observed are inversely proportional to 
the masses. 

The fourth of the statements in Art. 70 is also verified by 
the preceding experiments, since in all cases the forces acting 
on die body produce motion or tend to produce it in the 
direction in which they act. This is true whether the body 
be at rest or in motion and whatever be the number of forces 
acting on it. Each force tends to move the body in its own 
direction, and if several motions be given to the body its 
resulting motion is the combined effect of all the forces. 
Thus if in figure of Art. 22 two forces acting on a body at O 
in the directions OA and OB produce velocities in one 
second represented by OA and OB respectively, then in one 
second the body will cross the line AL and also the line BL, 
and therefore at the end of a second must be found at the 
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intersection L of these lines. Thus each force has its full 
effect independently of the other, and the same is true in the 
«a«e of any number of forces acting on a body. The a^ump- 
tion therefore of Art. 42 is a corollary from the Second Law 
of Motion. 

73. AtwoocPs Machine, — ^The arrangement described in Art. 
71 is the essential portion of an instrument called, from the 
inventor, Atwood's Machine. As usually constructed the 
axle of the pulley rests on friction wheels, the scale is furn- 
ished with stops, and a pendulum beating seconds is attached. 
Owing to the slight friction the motion of the weights 
continues for a considerable time, and the distances de- 
scribed can be determined with wce&t accuracy. 

This instrument may be employed to verify the laws of 
falling bodies which have already been demonstrated. The 
spaces described by a body faUing freely are so large that 
it is almost impossible to test the truth of the laws sifted in 
Chap I. by the observation of a body faUing freely under the 
influence of gravity. With Atwood*s Machine we can how- 
ever make the acceleration as small as we please, and we 
can then readily observe the spaces described. In the case 
of a body falling freely the force producing motion is the 
weight of the body, the mass moved is the quantity of matter 
in the body, and the acceleration is g. With Atwood's 
Machine the force P - Q producing motion can be diminished 
to any amount, while the mass moved remains unaltered, and 
thus the acceleration may be made as small as we wish. 
From Art. 14 the laws of the motion will however be the 
same as those for bodies falling freely. Hence if with 
Atwood's Machine the system be started from rest, and the 
sj)aces described in i, 2, 3, kc.j seconds be determined, it 
will be found that these spaces are proportional to the squares 
of the natural numbers. If again the spaces described in 
successive seconds be measured, it will be found that these 
are proportional to the odd numbers i, 3, 5, 7, <fec. And in 
a similar way the other theorems of Chap. I. may be verified. 

74. The Inclined Plane can be used for the same purpose 
as Atwood's Machine. Galileo first employed it to illustrate 
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the laws of falling bodies. As explained in Art. 43 we can 
HiTwiniRli to any extent the acceleration on the inclined plane, 
and we are thus enabled easily to observe the spaces described 
by a body moving down the plane. The inclined plane may 
also be used to verify the statements of Art 70. 

75. Propositions 2 and 3 of Art. 70 express the relations 
between the mass of a body, the force acting u^ion it, and the 
acceleration produced. If F denote tlie force, m the mass, 
and y the acceleration, then according to these propositions, y 
varies directly as F if m be constant, and varies inversely as. 
w if F be constant Both of these statements are expressed 
by the aJgebi-aic formula — 

F 

/varies as — • 

When one quantity varies as another, the first is equal to the 

second multiplied by some constant. This constant can be 

made unity by a proper choice of units. The foregoing 

expression can therefore be written — 

F 
/=-, orF = m/ 

This equation expresses in a concise form the relations 
between force, mass, and acceleration, and is of great use in 
the solution of problems. 

76. When a body falls freely under the influence of gravity, 
the force acting upon the body is its weight, which is the 
amount of the earth's pull upon the quantity of matter in 
the body. Calling W the weight, m the mass, and g the 
acceleration due to gravity, the foregoing equation becomes — 

7 7. ^ If we assume that the weights of bodies are proportional 
to their masses, it follows that if we increase or decrease the 
weight of a body the mass is increased or decreased in the 
same ratio, and therefore by the foregoing equation the 
value of g remains unaltered. A light body should there- 
fore fall with the same velocity as a heavy one, because 
a-chough the force causing motion is less in the light than 
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in the heavy body, the mass moved is also less and in the 
same ratio, and hence the acceleration would be the same in 
both cases. It is found by actual experiment that in a 
vacuum, where there is no resistance from the air, all bodies 
light and heavy fall with the same velocity. The assump- 
tion is therefore justified, that independently of the kinds of 
matter in bodies, their weights are proportional to their 
quantities of matter, and that the earth attracts all kinds of 
matter alike. 

78. Since the weight of a body acting on the quantity of 
matter in the body communicates the acceleration g, we have 
thus a standard force and an acceleration with which othein 
may be compared. If for instance W be the weight of the 
body, and it is required to find the acceleration that a force 
F would produce if applied to the body, then since the weight 
W is a force which would communicate to the body an 
acceleration g, and since when the mass is the same the 
accelerations are propoi-tional to the forces, therefore F will 
communicate an accelei*ation y, which is obtained from the 
proportion— 

W:F::(7:/.-./=^5r. 

79. Units of Force and Mass, — In Art. 75 by writing the 
variation as an equation we are restricted in the units of 
force and mass we may employ, one of them beiag deteimined 
by the equation when the other is chosen. The unit of 
force is that force which will produce in the unit of mass the 
unit acceleration. If we keep to the units of length and 
time already adopted, the unit acceleration is a velocity of 
one foot in a second gained in a second. Now if we 
choose any force as our unit of force then the unit of mass is 
fixed by the equation of Art 75. It is» that quantii«y of matter 
to which the unit force will communicate a velocity of one 
foot per second in a second. If on the other hand we choose 
a imit of mass, then the unit of force is fixed by the equa 
tion. It is such a force as will communicate to the quantity 
of matter chosen as the unit of mass, the unit acceleration. 
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80. Let the unit of force be first chosen, and since weight 
is a very usual measure of force let the weight say of one 
pound be selected as the unit of force, then the unit of mass 
is determined by the equation of Art 75. It is the quantity 
of matter to which a weight of one pound will communicate 
an acceleration of one foot per second. Now if the weight 
of one pound act on the quantity of matter in one pound, it 
will produce (Art. 76) an acceleration of g feet per second, 
and therefore to produce an acceleration of only one foot per 
second, we must take g times as large a mass, that is a mass 
of g pounds. Hence the unit of mass is the quantity of 
matter in g pounds, when the weight of one pound is the 
unit of force. 

Similarly if one gramme be taken as the unit of force the 
imit of mass is the mass of g grammes. 

Of course any weight whatever may be selected as the 
unit of force, and the corresponding unit of mass obtained 
by the equation. Such a unit force is called a gravitatum 
unit. The British gravitation unit of force usually adopted 
is the weight of one pound, and the metrical gravitation 
unit, the weight of one gramme. 

81. Gravitation units are very convenient in practice, and 
they are correct so long as we keep to the same place. But 
the force of gravity is different in different latitudes, and at 
different elevations above the sea level. The weight of one 
pound is therefore not a constant force, and in order to know 
its value at any place, we must know the acceleration of 
gravity at that place. Gravitation units are consequently 
not invariable, and are therefore inconvenient when we wish 
to compare forces at different places. For this purpose 
invariable units are required. We can obtain such units by 
fii^t selecting the unit of mass. Since the mass of a body is 
constant, no matter where its situation, the imit of force 
which will be obtained by the equation of Art. 75 will also be 
invariable. The unit of force thus obtained is called an 
absolute or kinetic unit. 

82. Let the unit of mass then be first chosen, and let it 
be the quantity of matter in one pound. The unit of force 
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must be such a force as will produce in this mass an accele- 
ration of one foot per second. Now the weight of one pound 
will produce in this mass an acceleration of g feet per 
second, therefore the force that will produce an acceleration of 

I foot per second, must be the th part of the weight of one 

pound. The unit foi-ce is therefore a force equal to the 

weight of- lb. 
. . 9 ^ 
Similarly if the mass of one gramme be the unit of mass 

the unit of force is - gramme. 

These units of force are invariable, and are usually called 
absolute or kinetic units. The weight of i lb. varies with the 
place, but the value of g varies in the same ratio, and there- 
fore the quotient - is constant. 

Any quantity of matter may be chosen for the unit of 
mass, and the absolute unit of force can then be found by 
the equation. 

The British kinetic unit of force adopted is the weiglit of 

— lb. It is now usually called the PoundaL The Metiical 

kinetic tmit is the weight of — gramme. It is called the 

y 

Dyne. The ponndal is the force which will give to the mass 
of one pound an acceleration of one foot per second. The 
dyne is the force which wiU give to the mass of one gramme 
an acoelemtion of one centimetre per second. 

The British Association Committee on Units have recom- 
mended the general adoption of the Centimetre, (Sramme, 
and Second as the fundamental units of length, mass, and 
time leapecdvely ; and that the absolute units derived from 
these be called the C.G.S. nnitSu 

83. The British standard of mass is a mass of platinum 
deposited in the office of the Exchequer and defined by Act 
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of Parliament to be the Imperial Standard Pound 
Avoirdupois. Its one seven-thousandth part is the grain. 
The French standard of mass is the " Kilogramme des. 
Archives," also made of platinum. Its one-thousandth part 
is the gramme. The kilogramme contains 1543 2 '348 74. 
grains. 

84. The value of g varies in different places. Its mean, 
value for Great Britain, expressed in British units of length, 
and time, may be taken as 32*2 feet per second, and in 
metrical units as 981*4 centimetres per second. The value 
of a poundal is therefore somewhat less than half an ounce. 
It is equal to 13825 "38 dynes. 

85. The chief statements of the previous articles may be: 
exhibited in the following form : — 

Gravitation j Weight of one pound, 
units. ( Weight of one gramme. 



Units 

of 
Force. 



I 



Absolute or 
Kinetic units. 



The Poundal, or weight of - lb. 

> O y 

The Dyne, or weight of - gramme- 

From the above table it is seen that we can reduce 
quantities expressed in gravitation units to their equivalents 
expressed in kinetic units and conversely. To reduce pounds 
force to poundals, or to reduce grammes force to dynes at any 
place, we multiply by the value of g in that place ; and to 
reduce poundals to pounds force or dynes to grammes force 
we divide by g. 

86. Momentum, — ^We have seen that when the unit force 
acTJs on the unit mass ic produces a unit velocity in the 
unit of time, and the body then possesses a quantity of 
motion which is taken as the unit quantity of motion. If 
TTb units of mass move with the unit velocity they will 
possess m units of quantity of motion ; and if m units of mass 
move with v units of velocity they will possess mv units of 
quantity of motion. The term momentum is employed to 
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denote quantity of motion^ and hence if m denote the mass 
of a body and v its velocity its 

momentum = mv, 

87. Measure of Force. — When a force acts on any mass 
lor the unit time it produces a certain acceleration. If the 
mass be increased the acceleration is diminished in the same 
ratio, and if the mass be diminished the acceleration is pro- 
portionally increased ; but the product of the mass and the 
acceleration, which expresses the quantity of motion or 
momentum generated in the unit time, is unaltered. This 
is that part of the Second Law of Motion which is expressed 
by the equation of Art. 75 — 

F=:m/: 

The quantity of motion produced by a force in the unit of 
time is invariable whatever be the mass of the body on 
which the force acts, and hence the kinetic measure of a force 
is tihe momentum it can produce or destroy in a second, 

88. If the force acts for two seconds the momentum ])ro- 
duced is evidently twice that in one second, and if for t 
seconds, t times that in one second. Thus since — 

Y = mf 
:. ¥t = mft 
:. ¥t - mv. Since, Art. 12, ft ^ v. 

Hence if the force act on the body for a time tj the whole 
effect of the force is measured by the momentum produced. 

89. We may assume that whatever momentum is generated 
by a given force acting for a given time, the same momentum 
will be destroyed in the same time by the same force acting 
as a resisting force. Hence if the momentum be given and 
the resisting force, the time in which the momentum will be 
destroyed is given by the preceding equation — 

mv 

^ Momentum 
~ Resistance' 

90. The principles that have been explained will enable 
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118 to find the acceleration when a giyen force acts on a given 
mass. We shall consider some cases and determine in each 
the general expression for the acceleration. These formnlse 
will be found of great service in the solution of problems. 

(i) To find, the, (icceleration when a force acts on a hody 
which is perfectly free to move in tlie direction in which the 
force acts, 

TiOt the force be P acting on a body whose weight is Q. 
We make use of Art. 78. The weight Q would generate in 
the mass of Q an acceleration g, therefore P will produce in 
the same mass an acceleration which is given by the pro- 
portion of Art. 78; 

P 

QrPir^r ://./ = Q^r. 

(2) To find the acceleration when two bodies P and Q are 
connected by a string passing over a pulley, as in AtwoocPs 
Machine {Art. y i). 

The force which produces motion in the system is P - Q, 
and the mass moved is the mass of P + Q. The weight P + Q 
would produce an acceleration g in the mass of P + Q, if the 
bodies were allowed to fall freely, therefore the force P - Q 
will produce in the same mass an acceleration fi which is 
given by the proportion of Art. 78 ; 

P + Q:P-Q::^:/.-./=p^. 

(3) To find tlie acceleration when a weight F hanging 
vertically dra/ivs a weight Q along a smooth table by means of 
a string passing over apvUey at the edge of the table. 

The force which produces motion in the system is P, and 
the mass moved is the quantity of matter in P + Q. The 
weight of P + Q would produce in this mass an acceleration 
flr, therefore P will produce an acceleration J which is given 
by Art. 78 ; q 

pi 
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(4) To find the acceleration when a weight P placed on an 
inclined plane whose inclination is i draws a weight Q up 
anoth er inclinedplane whose inclination is i', by means of a 
string passing over a pulley at the common vertex of the planes, 

Besolving P and Q along their 

respective planes, the resolved 

parts are P sin i and Q sin i!. 

The force producing motion in 

the system is therefore P sin 

t— Q sin i' and the mass moved 

is the mass of P + Q. Hence by Art. 78, 

T»/-kxi-'i^«v jr ^ ^ sin i-Q sin i' 
P + Q : Psint-Qsini' : : g :/:./= p ^ g- 

9 1. The general equations expressing the relations between 
space, time^ and acceleration are given in Arts. 11 and 12, 
Chap. II. These will apply to any case of uniformly accele- 
rated velocity. By substituting in these equations tibe value 
for / in any of the foregoing cases we can determine for that 
case the relations between the space described, the time of 
motion, and the acceleration due to the force acting on the 
£fystem. 

We proceed to consider some problems illustrating the 
foregoing principles. 



Examples. 

1. A force of jibs, acts on a mass vhose weight is 40 lbs. : what space 
will be described in 10 seconds ? 

Art 90,/==|ir=-l 3^=4 

#= j/t«=} X 4 X io3=aoo ft 

2. Weights of 33 lbs. and 31 lbs. are connected as in Atwood^s machine: 
after the system has been in motion for 5 seconds the string breaks: where 
will each body be at the end of the next 10 seconds? 



Art 90,/ = 



_ 33-31 ,._ 



32 = 1 ft per sec. r=/<=iX5=5ft 



33 + 31 

Therefore one body has an initial downward velocity and the other an 
upward velocity of 5 ft per sec. when the string breaks. 
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= 5x io + Jx3ax 10 =50-1600. 

= 1650 ft. = -1550 ft. 

.*. The body moving downwards will /. The body moving upwards will 
be 1650 ft. below its position when the be 1550 feet below its position when 
suing broke. the string broke. 

3. A bodj' weighing 50 lbs. is acted on by a constant force which acts 
for 5 seconds and then ceases to act : the body moves through 60 feet in 
the next 2 seconds. Express the force in absolute units. 

Velocity = ~ = 30 ft. Acceleration = £ = -^ = 6 f t 

a t 5 

f = -Pi'9.\^= — 9 .*.P = ^ in gravitation units 

Q 50 9 

and P =50 X 6 = 300 absolute units. 

4. A body weighing 14 lbs. having a velocity of 100 feet per second is 
resisted by a force of i lb. : bow long will it move? 

14 

— . 100 

k L o^ A' momentum mr (/ 

Art. 89, lime = — : = __-=.:£ = 75 sees. 

resistance K i 

5. Two weights of 8 lbs. each are connected as in Atwood's machine : a 
bar weighinfiT 2 lbs. is placed on one of the weights and motion takes place 
till that weight has descended 16 feet: find (a), the time taken; (/>), the 
velocity acquired. 

Bv Art. 00 the acceleration /■= — -—-. 34 =*'- 
^ -^ 10 + 8 9 

From Art. 1 2 equation a, <= ^j= ^"^77^ = ^^9 = 3 sees, (a.) 



From Art. 12 



equation 3, r = V^fs = / ax— xi6 = y = ic- sees, (b.) 

V 9 3 3 



EXKRCIS£S. 

1. A force of 10 lbs. acts on a mass whose weight is 40 lbs. : what is 
the acceleration ? 

2. Weights of 17 028. and 15 ozs. are attached as in Atwood*s machine: 
find the acceleration, and the space described by each body in 5 seconds. 

3. In the foregoing case when each weight has moved from rest through 
a space of 10 feet, what velocity has it acquired ? 

4. In the foregoing, if the system has been in motion for 3 seconds, with 
what velocity is each body moving ? 

5. A weight of 10. lbs. hanging over the edge of a smooth table draws a 
weight of 30 lbs. along the table : what space will be described by each 
body in 2 seconds ? 
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6 If in the foregoing case, when the system has been in motion for % 
seconds, the string breaks : find the space described by each bod j in the 
next 3 seconds. 

7. A mass whose weight is 8 lbs. under the action of a single constant 
force moves from rest through a space of 2^ feet in the first second : what 
is the magnitude of the force ? 

8. If the measure of the force of 16 lbs. weight be 16, what will be the 
measure of the mass of 16 lbs. ? 

9. A force of 5 lbs. acts on a mass of 5 lbs., a force of 5 lbs. on a mass- 
of 10 lbs , and a force of 30 lbs. on a mass of 5 lbs. : what are the 
accelerations ? 

10. A force of 7 lbs. acts on a mass of i cwt : find the velocity pro- 
duced in 5 seconds, and the space described in 10 seconds. 

11. A body whose mass is 8 lbs. is known to be under the action of a 
single constant force. It is observed to move from rest and in the first 
second of its motion to describe a distance of 5 feet : what is the magni- 
tude of the constant force ? 

12. A body containing 50 lbs. of matter is set in motion by a constant 
force, which acts for 5 seconds in the direction of the motion: it then 
ceases to act, and the body (now acted upon by no external force) moves 
over 60 feet in the next t¥ro seconds. Find (1) the acceleration, (2) the 
magnitude of the force in gravitation units, (3) the magnitude of the force 
in kinetic units. 

13. A body is thrown upwards with a velocity of 96 feet per second : 
after how many seconds will it be mo\ing downwards with a velocity of 40 
feet per second ? 

14. A weight of 100 lbs. is drawn along a smooth horizontal table by a 
weight of 20 lbs. hanging vertically : find the space described in 5 seconds. 

15. Two equal weights each of 50 ozs. are connected by a string passing 
over a pulley : what weight must be added to one of them to make it 
descend 64 feet in 5 seconds ? 

x6. A weight of 10 lbs. is suspended from one end of a string : find the 
Aveight which must be attached to the other end, so that when the string 
passes over a fixed pulley, the acceleration must be half that of gravity. 

17. A weight of 10 lbs. draws another weight of 8 lbs. by a string 
passing over a pulley : what is the acceleration ? 

18. What force acting parallel to a horizontal plane will move a body 
weighing 18 lbs. along the plane with an acceleration of 5 feet per second, 
the friction being equal to 2 lbs. ? 

19. Two equal weights of 50 lbs. each are connected as in Atwood's 
machine : what weight must be taken from one and added to the other 
so that the heavier will descend through 20 feet in 2^ seconds ? 

20. A weight of 8 lbs. hanging vertically draws a weight of 12 lbs. 
along a smooth horizontal table by means of a string passing over the ed^e 
of the table : find the space described by the body on the table in tiie 
third second of its motion. 

21. Weights of 12 lbs. and 4 lbs. are placed on two inclined planes, 
whose inclLaations are 60® and 30® respectively, and are connected by a 
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string which passes over a prjley at the common vertex of the planes : find 
the velocitj acquired by each body in 4 seconds after the system has been 
started from rest. 

23. In the foregoing case what space will be traversed from rest in 4 
seconds by each body. 

13. The speed of a railway train increases uniformly for the first 3 
minutes after starting and during this time it travels i mile. What speed 
(in miles per hour) has it now gained, and what space did it describe in the 
first 2 minutes ? 

24* In the last question supposing the line level and difiregarding friction 
and the resistance of the air, compare the force exerted by the engine with 
the weight of the train. 

25. A weight of 6 ozs. is drawn up along the lid 4 feet long and rising 
2 in 9 of a smooth desk by a weight of 5 ozs., which attached to the other 
weight by a string hangs over the top of the desk and descends vertically. 
Find the velocity acquired when the heavier weight reaches the top of the 
desk. 

26. A horse exerting a pull of 300 lbs. draws a waggon whose weight 
is half a ton up a hill whose height is 20 feet and length 200 feet : find 
the time of ascending the hill, friction being neglected. 

27. Through what distance must a force equal to the weight of i lb. act 
on a body weighing 16 lbs. so as to increase its velocity from 20 feet to 30 
feet per second ? 

28. A stone weighing 12 lbs. is thrown along ice with a velocity of 64 
feet per second, and comes to rest in 18 seconds : what is the force of 
friction ? 

29. Two weights of 3 lbs. and 4 lbs. are connected by a string passing 
over a pulley. A bar weighing 2 lbs. is placed on the 3 lbs. weight, antl 
after motion has continued for 3 seconds the bar is removed : for what 
time longer will the 3 lbs. weight descend before coming to rest, friction 
being neglected ? 

30. In the foregoing case what will be the velocity of the system after 7 
seconds from the instant it came to rest ? 

31. If in question 29 the motion had continued for 9 seconds before the 
bar was removed, how long afterwards M'ould the 3 lbs. descend ? 

32. What is the momentum of a moving body ? How is it estimated ? 

33. In a vacuum light bodies and heavy bodies fall with the same 
velocity : show from dynamical principles that their velocities must be 
equal. 

34. If the mass of i lb. be the unit of mass, and i foot and i second 
be the units of space and time, how would you define the unit of force, and 
how many such units of force are there in the weight of i^ \h». ? 

35. Find the unit of mass, when the unit of force is 100 lbs. weight, 
the unit of length 2 feet, and the unit of time a quarter of a second. 

36. Find the unit of force when the unit of mass is the mass of i ton, 
the unit of length i yard, and the unit of time i minute, g being 32 foot- 
second units. 
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CHAPTER VII. 
REACTIONS— THIRD LAW' OF MOTION. 

General Remarks on La/we of Motion, 

92. T7p to the present we have taken only a partial view 
of the action between two bodies ; we may now consider 
that action more fully. 

If a body be at rest upon a horizontal table, there is a 
mutual action between the body and the table which may be 
regarded from two different aspects, and, as Clerk Maxwell 
has pointed out, what we call force is one aspect of thia 
muttial action. Newton employed the term action to denote 
the force exerted by one body upon the other^ and reaction 
the force exerted by the latter upon the former. In recent 
works the term stress has been used to denote the whole of 
the mutual action between bodies. 

93. The stress is called by different names according to 
the different modes in which the action taken place. It is 
a pressure if the bodies are in contact and the action on each 
is directed away from the other. It is a tension if the 
bodies are connected by a string, and the action is towards 
each body from the other. It is attraction or repulsion if 
the bodies act on each other at a distance without our lieing 
able to perceive any intermediate body by which the action 
is effected. 

94. The forces of action and reaction being only different 
aspects of the same stress, must of course be always equal ; 
and the statement of this fact forms Newton's Third Law of 
Monoy. 

Thibd Law. To evert/ action there is an eqtud and opposite 
reaction^ thai is the adions of two Bodies upon eazh other are 
always eoual and in opposite directions. 

y2 
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95. The following illustrations of the law are given by 
Newton : — 

If anyone presses a stone with his finger, his finger is 
equally pressed by the stone. 

K a horse draw a stone by means of a rope, the horse is 
pulled back towards the stone with an equal force. 

If one body attract another, the latter exerts an equal 
attraction on the former. 

When one body impinges on another, whatever change 
in the quantity of motion is produced in one, an equal and 
opposite change is produced in the momentum of the other. 
Tlie velocities produced in this case will also be in opposite 
directions, but will not be equal unless the masses be equal. 
When the masses are unequal, the velocities due to the 
action will be inversely as the masses. 

96. Examples of reactions where motion does not occur 
will be examined under Statics. As illustrating the Third 
Law of Motion we shall here consider some cases of Tensions, 
and of Pressures upon planes in motion. 

The subject of Impact or the Collision of bodies will be 
treated of in the next chapter. 

97. To find the tension of the string in Atwood^s machine, 
— Let P and Q be the weights of the two bodies (See fig. of 
Art. 90), and let the mass of the pulley and the weight of 
the string be neglected. Let T be the tension, which is 
uniform throughout the string. Then if P is moving down- 
wards and Q upwards, the resultant force acting on P is 
P - T, and the mass moved by thi^ force is the mass of 

P 

P = — (Art. 76). Similarly the resultant force on Q is 

if 

Q 

T - Q, and the mass moved is — . Dividing the forces by 

if 

the respective masses we obtain the accelerations (Art. 75), 
and as the bodies are connected together, the accelerations 
are equal ; therefore 

P-T^T-Q ^^ J ; ^^^ rji ^g ^^^ rp ^ 2PQ 

P Q ' *" P + Q 

9 9 
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98. To Jind the tension of ihe string token a weight P 
hanging verticaMy draws am/other weight Q along a smooth 
table. (See Art. 90.) — Let T = the tension. Then the 
resultant force acting on P is P - T, and the mass moyed by 

P 
this force is—. The resultant force on Q is T (since the 

if 

weight of Q is equilibrated by the reaction of the table), and 
the mass is f; therefore as in la.t Art. 

P Q P + Q 

9 9 

99. To find the tension of the string in tlie conditions oj 
Art, 90 (4). — Let T = the tension. The resultant force 

P 

acting on P is P sin i - T, and the mass is -. The force 

y 

Q 

on Q is T - Q sin t', and the mass is -. Therefore 

P^^^-T ^ T-Q sini' ^^^^^^^^^ ^^ PQ(«i^^ + «inf) 
P Q ' P+Q 

9 9 

100. Tofvnd the tensionofa string hanging vertically from 
a point of support, and having a weight attached to its lower 
end : (a.) When the point of support is at rest or is ascending 
or descending vnth uniform velocity : (6.) When ascending or 
descending with an accelerated velocity. And — 

To find the pressure of a weight resting upon a plane when 
the plane moves as stated in (a.) and (6.) respectively. 

If a body be attached to the lower end of a string, the 
upper end of which is supported, and if the system be at 
rest, the string, by the Third Law, is stretched with a force 
equal to the weight of the body. If now a uniform velocity 
upwards or downwards be given to the point of support, the 
body when it has acquired the velocity will, by tie First 



70 DYNAJIICS — ^KINETICS. 

Law, tend to move uniformly with tliat velocity, and, hence, 
the string will be stretched with the same force as when the 
point of support and the body are at rest. 

The same results hold in ijie case of a body resting on a 
plane. If W be the weight of a body placed on a horizontal 
plane, the pressure on the plane and the reaction will each 
be W, whether the plane be at rest or be in motion with 
uniform velocity upwards or downwards. The weight W, 
if free to move, would produce in the mass of the body an 
acceleration g (Art. 76), and therefore the reaction of the 
plane is equal to a pressure W or an acceleration g 
upwards. If now the plane, or the point of support of the 
string, move upwards with an accelerated velocity, the pres- 
sure on the plane, or the tension of the string is increased 
by a pressure or tension which corresponds to the increase 
of acceleration upwards. If, for instance, the plane bearing 
the weight W move upwards with a velocity increasing by 
an acceleration ^g, then since if the plane were at rest the 
reaction W upwards would be equivalent to an acceJ oration 
g, the acceleration g -{- ^g ia equivalent* to a reaction of 
W + |W = I^W, which is therefore the pressure on the plane. 
If the plane move downwards with a velocity which in- 
creases by the acceleration ^, then the pressure W is 
diminished by the pressure corresponding to this accelera- 
tion. Hence the pressure is W - ^W = |-W. In this case 
the plane prevents an acceleration of only ^g, and therefore 
the pressure is only ^W. If, again, the plane descend with 
a velocity which increases by g, it is evident that it will 
experience no pressure from W, which will move down- 
wards just in contact with but without pressing on the plane. 



General Eemabks on the Laws of Motion. 

10 1. In the preceding chapters the Laws of Motion have 
been separately explained and illustrated. We shall here 
repeat these laws and make some general remarks upon them. 
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First Law. — Every body continues in its state of rest or of 
uniform motum in a straight line unless compelled by im- 
pressed forces to change that state. 

Second Law. — The change in the quoTitity of motion is 
proportional to the impressed force, and takes place in tlie 
direction of ike straight line in which the force acts. 

Third Law. — To every action there is an equal and opposite 
reaction, that is, the actions of two bodies upon ea>ch other are 
always equal and in opposite directions. 

1 02. Although, as has been already stated, these laws are 
deductions from observation and experiment, yet they do 
not admit of direct experimental proof. They may be re- 
garded as fundamental hypotheses, and their truth is estab- 
lished by finding that in all cases the effects observed agree 
with the theoretical deductions from these principles, ^us 
in astronomy the observed motions and positions of the 
heavenly bodies are invariably found to agree with the 
results obtained by calculation. 

103. The Laws of Motion might more strictly be called 
the Laws of Force and Motion. The First Jj&w tells us 
when a force is in action ; the Second enables us to measure 
it ; the Third points out its nature. 

104. First Law. — In the First Law the motion and the 
rest refer to the body as a whole, and not to its particles. 
The law is the statement of that property of matter which 
has been named Inertia. A boily will remain in its state 
of rest or of uniform motion in a right line unless some force 
act on it ; and, hence, if a change in its state whether of rest 
or motion is observed, we infer that a force acts on the 
body. The law thus furnishes us with a definition of force. 
Force is any cause which alters or tends to alter a body's state 
of rest or of uniform motion in a straightMne. 

Again, since a body in motion and not acted upon by 
forces will continue in uniform motion, and will, therefore, 
pass over eqiial spaces in equal times, the law also gives us 
a definition of equal times. Equal times are those in whicii 
a body in motion, and not acted upon by force, passes over 
equal spaces. 
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105. Second Law. — The Second Law is the statement of 
the relations between Force, Mass, and Acceleration. These 
relations have been explained at length in Chap. YI. From 
Arts. 86 and 87 it will be seen that the statements of Art. 
70 are merely a paraphrase of the Second Law. 

The law furnishes definitions of equal forces, and of equal 
masses. 

> Equal forces are those which communicate to the same 
mass equal accelerations. 

Equal masses are those to which the same force com- 
iiunicates equal accelerations. 

What the law does not state requires as much attention 
as what it does state, and from its silence very important 
inferences may be drawn. 

No mention is made of the state in which the body is in, 
and the law is true whether the body be at rest or in 
motion. There is nothing stated about other forces acting 
upon the body, and the law applies, whether other forces 
act on the body or not. 

Hence, when any forces act on a body each force pro- 
duces an acceleration the same in magnitude and direction 
as though no other forces acted on the body. This principle 
was assumed in Arts. 42 and 56. 

If any number of forces act on a body each communicates 
an acceleration proportional to itself in magnitude, and in 
the same direction. Hence, if lines be drawn representing 
the accelerations in magnitude and direction, these lines will 
also represent the forces, and if the resultant acceleration be 
determined by Art. 33, the line so found will also represent 
the resultant force. Forces may therefore be compounded 
in the same way as accelerations. In statics we shall make 
use of this method for obtaining the resultant of a number 
of forces. 

, 106. Third Law. — ^The Third Law is the statement of 
the mutual action between bodies. If two bodies act on 
each other the change in the momentum of one is equal and 
opposite to the change in the momentum of the other. The 
respective velocities are opposite in direction, and inversely 



LAWS OF MOTION. 73 

proportional to the masses. The law is not confined to the 
action between two bodies in contact. It is true of the 
attraction of gravity. In the case of a stone falling to the 
ground, the force exerted by the stone on the earth is 
exactly the same as that of the earth upon the stone. Aiid 
the law equally applies to all cases of magnetic and electric 
attractions and repulsions. 

In the chapter on Energy it will be shown that anothei 
meaning may be given to the terms action and reaction, and 
that thus the Third Law may have a still wider and more 
important appHcation. 



Examples. 



1. Two weights of 20 lbs. and 25 lbs. are connected by a string passing 
over a pulley : find the tension of the string when the system is in motion. 

Art 97, T=i^=l^ii^2i^^ = 22flbs. 

2. A weight of 1X2 lbs. rests on a lift: find the pressure on the lift, 
(a) when it is ascending or descending uniformly; (6) when it is ascending 
with a velocity which increases by 4 feet per second ; (c) when it is 
descending with a velocity which increases by 8 feet per second ; (d) when 
it is descending with a velocity which diminishes by 8 feet per second. 

Art 100. (a) 112 lbs. 

(ft) 32 : 36 :: 112 : 126 lbs. 

(c) 32 : 24 : : Ii2 ; 84 lbs. 

(d) 32 : 40 :: 112 : 140 lbs. 

3. A balloon ascends with a uniformly accelerated velocity so that a 
weight of I lb. produces on the hand of the aeronaut sustaining it a down- 
ward pressure equal to that which 17 ozs. would produce at the earth's 
surface: find the height which the balloon will have attained in one 
minute from the time of starting, not taking into account the variation of 
the accelerating effect of the earth's attraction. 

The upward acceleration produces an increase of ^^^th in the pressure of 
the weight, therefore (Art. 100) the acceleration = ^th of 32 = 2. 

The space described in one minute with an acceleration 2, is obtained 
from the equation « = } ft' 

5= 1 X 2 X 6c*= 3600 feet. 
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Exercises. 

1. One of the bodies in Atwood*8 machine is lo lbs., and the string is 
able to bear a strain of I3 lbs. : what is the weight of the other body so 
that the string may be just on the point of breaking? 

2. A weight of 25 lbs. hanging vertically draws a weight of xoo lbs. 
along a smooth horizontal tablet what is the tension in the string? 

3. If the weight on a smooth horizontal plane be 50 lbs., what weight 
hanging vertically will produce a tension in the string of 5 lbs. when tiie 
system is in motion ? 

4. A cannon ball weighing 100 lbs. leaves the gun, which weighs i ton, 
with a velocity of z,ooo feet per second : what is the velocity of the recoil 
of the cannon ? 

5. A shell weighing 40 lbs. and moving with a velocity of 100 feet per 
second bursts into two equal fragments. One of them moves in the same 
direction with the velocity of 160 feet per second : what is the velocity 
of the other ? 

6. The engine at the mouth of the shaft of a mine winds up the cage, 
which weighs ^ ton, (i) with a uniform velocity of 10 feet per second, 
(2) with a velocity increasing by 10 feet per second: find in each case the 
tension of the rope attached to the cage. 

7. Two weights of 50 grammes and 60 grammes are connected by a 
string passing over a pulley : find the tension of the string in gravitation 
units and in absolute units, respectively. 

8. Find the tension of a rope which draws a carriage of 8 tons weight 
up a smooth incline of i in 5 and causes an increase of velocity of 3 feet 
per second. 

9. The weights at the extremities of a string which passes over the 
puUey of an Atwood's machine are 500 grammes and 502 grammes. The 
larger weight is allowed to descend, and 3 seconds after motion has begun 
3 grammes are removed from the descending weight What time will 
elapse before the weights are again at rest ? 

10. A balloon carries a weight of 100 lbs. suspended by a cord from the 
car : find the tension of the cord, (a) when ascending uniformly at the 
rate of 16 feet per second ; (6) when ascending with a velocity increasing 
by 16 feet per second : (c) when descending with a velocity increasing by 
16 feet per second; (d) when descending with a velocity increasing by 24 
feet per second ; (e) when descending with a velocity increasing by 32 feet 
per second. 

11. A man whose weight is 140 lbs. places himself on a lift: ficd his 
pressure on the lift, (a) when it is stationary ; (6) when it is ascending 
or descending uniformly ; (c) when it is ascending with a velocity which 
increases by the acceleration ^y; (<f) when ascending with a velocity 
which diminishes by the acceleration ^ff', (e) when descending with a 
velocity which increases at the rate of 32 feet per second; (/*) when 
descending with a velocity which diminishes at the rate of 8 feet per 
second ; (^) when descending with a velocity which diminishes at the rate 
of 32 feet per second. 
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13. A weight of xco lbs. is attached to the lower extremity of a cord 
which hangs from the car of a balloon : find the tension in the cord, 
(a) when the balloon rises with a velocity increasing by 4 feet per second ; 
(6) when it rises with a velocity decreasing by 4 feet per second. 

13. I suddenly jump off a platform with a 20 lb. weight in my hand. 
What will be the pressure of the weight upon my arm while I am iu 
the air? 

14. A stationary engine draws by means of a rope a waggon weighing 
10 tons up an incline of 30^ : neglecting friction, find (a) the tension of 
the rope when the velocity is uniform ; (6) when the waggon is moving up 
with an acceleration of 4 feet per second per second. 

15. Weights of II ozs. and 9 ozs. rest on two inclired planes having a 
common height and inclinations whose sines are ^ and ^ respectively, the 
weights being connected by a string passing over the common vertex of 
the planes. Find the tension of the string when the system is in motion. 

16. Two inclined planes have a common vertical edge, and the same 
inclination of 30° to the horizon. Weights of 10 ozs. and 15 ozs. rest on 
the planes, being connected by a string passing over a pulley at the 
common vertical edge : find the tension of the string when the system is iu 
notion. 

17. Show that from the expression for the tension in Art. 99, that in 
Art. 97 may be derived by supposing the planes to become vertical ; and 
that the expression in Art. 98 may be obtained by supposing one of the 
planes to become horizontal and the other vertical. 

18. A weight of 1 oz. hanging over the edge of a smooth horizontal 
table draws by means of a string a weight of i lb. along th« table : find 
the tension of the string. 

19. A body whose weight is 36 ozs. is drawn up an inclined plane whose 
inclination is 30^ by an equal weight which hangs vertically, and b con- 
nected with the former by a string passing over a pulley at the vertex of 
the plane : find the tension of the string. 

la A body P is drawn up a plane whose inclination is i by a body Q 
which hangs vertically, the two bodies being connected by a string which 
passes over a pulley at the vertex of the inclined plane : find the tension 
of the string. 

31. Show how the expression obtained in the foregoing exercise may be 
derived from that of Art 99. 
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[*] CHAPTER Vril. 

IMPACT OR COLLISION OF BODIES. 

107. Impact or impulse is the term employed to denote 
the action which lasts for a very brief period when two 
bodies come into collision. When, for instance, a cricket 
ball is struck by the bat, impulsive forces act upon both ball 
and bat in opposite directions for a very short time, and 
these by the Third Law are equal to each other. These forces 
do not differ in kind from those we have been considering. 
They differ only in the time of their action. We cannot, 
however, measure these forces by the method of Art 87, 
that is by the momentum generated in a unit of time, since 
the forces act only for an indefinitely brief period, the length 
of which is unknown. A different measure must, therefore, 
be adopted for impulsive forces, and it has been agreed to 
measure an impulsive force by the whole momentum it pro- 
duces. This measure will enable us merely to compare 
impulsive forces with each other, but not to compare them 
with ordinary forces. This, however, will not lead to any 
difficulty, because in any case where ordinary and impulsive 
forces act together the effects of the former would be so 
small during the extremely brief period of the action of the 
latter that they may be neglected, aiid the impulsive forces 
alone will remain to be considered. 

108. The nature of these forces will be illustrated by con- 
sidering a particular case of impact. Let us suppose two 
ivory balls in motion, either in the same or in opposite direc- 
tions, to come into direct collision. For a very brief period 
a portion of each ball suffers compression and becomes 
flattened, and it may be assumed that this action continues 
until the velocities of the balls become equal, while during 
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this peidod certain impulsive forces act in opposite direc- 
tions upon each ball. Then, owing to the property of bodies 
called elasticity, the ivory tends to regain its original fonn, and 
whilst restitution is taking place it may further be assumed 
that another impulsive force acts on each body in the same 
direction as before. The impulsive force in each case is mea- 
sured by the momentum lost by the striking ball and gained 
by the ball struck. If the bodies were perfectly elastic the 
force during restitution would be equal to that during com- 
pression. If the bodies were perfectly inelastic there would 
be no restitution, and no second impulsive force, and the 
bodies would remain together after the first period of im- 
pact. As aJl bodies are imperfectly elastic, the second im- 
pulsive force is always less than the first. 

109. A similar explanation will apply to the case of a 
ball impinging on a fixed plane. The velocity of the ball 
becomes o at the end of the first period of impact, and the 
momentum lost by the ball is given to the plane, which 
being fixed is a portion of the earth, and is therefore given 
up to the earth. The ratio of the impulsive force during 
the second period of impact to that during the first period 
is different for different bodies, but is the same for the same 
two bodies. 

no. The impulsive forces which act during compression 
and restitution cannot be determined directly by experiment, 
but their ratio can be inferred from the observed velocities 
before and after impact. When for instance a ball impinges 
on a fixed plane the ratio of the velocity of approach to that 
of recoil is the same as the ratio of the momentum in 
approach to that in recoil, and is therefore the same as the 
ratio of ths momentum lost during compression to that 
gained during restitution, or finally as the ratio of the im- 
pulsive force during compression to that during restitution. 
When both bodies are in motion, the velocity of approach or 
of recoil is their relative velocity, that is the algebraic differ- 
ence of the velocities of the bodies. Newton was the first 
to show by experiment that the ratio of the velocity of 
approach to that of recoil is constant for the same two 
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bodies, but is different for different bodies. This ratio for 
any two substances is called the coefficient of restUutionj or 
the coefficient of elasticity , or the modtdvis of dastieity. It 
is usually denoted by e. More recent experiments have 
shown that the coefficient of elasticity for any two bodies is 
constant only for small velocities of approach. 

111. Kenoe if after impact bodies recoiled with a velocity 
equal to that of approach, they wotdd be perfectly elastic ; if 
with a less velocity they would be imperfectly elastic ; and if 
they did not recoU they would be perfectly inelastic. The 
coefficient of elasticity for [perfectly elastic bodies is i, for 
imperfectly elastic bodies is a fraction less than i, and for 
perfectly inelastic bodies is o. No bodies in nature are 
found perfectly elastic or perfectly inelastic. Bodies such 
as glass, marble, ivory are veiy elastic, and those such as 
putty or soft clay are very inelastic. 

112. If a body with a velocity u impinge on a fixed plane, 
and if the coefficient of elasticity for the two substances be 
e, then denoting the velocity of recoil by Vy 

where the — sign indicates that the velocities are in opposite 
directions. 

113. If both bodies be in motion with velocities u and u' 
respectively, and if v and v' denote the respective velocities 
after impact, and e denotes the coefficient of elasticity, then 
the difference of the velocities before and after impact will 
be the velocity of approach, and the difference of the velocities 
after impact will be the velocity of recoil. Hence 

t? - v' = — e (tt - vf), 

114. "We now proceed to consider some cases of the collision 
of bodies. For the sake of simplicity we shall suppose that 
these bodies are spheres. 

Impact of Bodies in Motion, — ^There are two cases of the 
collision of spheres in motion: (i) Direct ColUsion ; (2) 
Oblique Collision. The collision is called direct when the 
centres of the spheres are moving in the straight line in 
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which the impact takes place. It is called oblique when 
the centres are moving in different lines. 
115. Direct Collision : — 

m u m' u* mm* m v m' v' 

Before impact. Impact. After impact. 

Let the spheres whose masses are m and m! be moving 
with their centres in the same line with velocities u and u' 
respectively. Let m overtake and impinge on m', and after 
impact let the velocities be v and v' respectively. Then the 
whole momentum lost by the striking sphere is m (u — v), 
and the whole momentum gained by the struck sphere is 
m' (v — u'). These are equal by Newton's Third Law, 
therefore 

m (t* - v) = rn' {v' - u'). 

Again u — u' la the velocity of approach, and v — v' is 
the velocity of recoil, and (Art. 113) 

V - v' ^ — c (w - u'). 

Solving these equations for v and v' we find 

mu + m'u' — em' (u — w') 



v = 



7n + m 



, mu + m,'u' + em (u — u') 



m + mf 



If we suppose the bodies perfectly elastic and equal, then 
e = 1, and m =s m', and we have from the foi*egoing equations 

v = u' and t?' = i*. 

Hence such bodies would interchange velocities by the 
collision. 

If the bodies move in opposite directions before impact, 
we have only to change the sign of u' in the above equations 
in order to get the velocities after impact. 

If we suppose the bodies perfectly inelastic, then e = o, 
and we have from the equations 

, mu -t- m'u' 

m + m 
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1 1 6. This result may be obtained very readily from first 
principles as follows. Since the momentam lost by one 
body is gained by the other, it follows from the Third Law 
that the momenta before and after impact are equal. 
Again, since the bodies are inelastic, there will be no force 
tending to separate them after collision* and they will there- 
fore move with a common velocity after impact. Let v be 
this common velocity. Then the momentam of the system 
after impact is mv + ^n'v, and before impact is mu + m'uy and 
these are equal ; thus 

mv + m'v = mu + m'u' 
mu + m'u 



v = 



m + m 




117. Oblique Collision. — Let two spheres whose masses 
are m and m' be 
moving with veloci- 
ties u and u' respec- 
tively, the directions 
of these velocities 
being inclined to 
the line of impact 
passing through the 
centres of the 
spheres at angles i and t' respectively. After impact let 
the velocities be v and v' whose directions (indicated by the 
dotted lines) are inclined to the line of impact at angles r 
and r' respectively. 

Resolve the velocities before and after impact in the 
direction of the line of impact and at right angles respec- 
tively. The resolved velocities at right angles to the line 
of impact are 

u sin i, V sin r, u' sin i\ v' sin r' ; 

and in the line of impact the resolved velocities are 

u cos ^, V cos r, w' cos i', v' cos /. 

No impulsive force acts in the direction at right angles to 
the line of impact, therefore (Arts. 56 and 105) the velocities 
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in this direction are not altered by the collision, and hence 
the velocities in the direction at right angles to the line of 
impact are the same before and after impact. 

Therefore vsinr = wsint (i) 

V sin r =u' sin t (2) 

Again, the velocities in the line of impact are unaffected 
by the components at right angles to the line. To the 
velocities in the line of impact we can apply the rules of 
direct collision. Proceeding exactly as in Art. 115, we 
obtain 

mu cos i + mfu cos t' - em' (u cos i — v! cos i'\ , v 
« cos r = H^ '. (x) 

m + m 

, , mu cos I + m'u cos i' + em(u cos i-u' cos t') , v 

V cos r = 7^ i- (a) 

m + m ' 

It wUl be seen that these results may be obtained from 
the equations of Art. 1 1 5 by writing v cos r for v, v' cos r^ 
for v', u cos i for u, and u' cos ^' for u\ 

Dividing equations (i) by (3) and (2) by (4) we obtain 
the values of tan r and tan r', and thus the directions of the 
motions of the bodies after collision are known. 

By squaring equations (i) and (3) and adding, and by 
squaring (2) and (4) and adding, we obtain the values of 
«?2 and v'^ (since sin^ r + cos^ r=i) and thus the velocities 
after collision are known. 

118. Impact of a body upon a Fixed Plane. 

Direct Collision. If a body with a velocity u impinge per- 
pendicularly on a fixed plane, then (Art. 112) it will recoil 
in the same line ; and if the coefficient of elasticity be e, the 
velocity of recoil will be eu. Calling the velocity of recoil 
V, then since it is opposite in direction to that of approach 
we have 

1? = —eu. 

If e = I, t? = — w. If e = o, V = o. That is if the bodies are 
perfectly elastic, the moving body recoils along the same line 
us it approached with a velocity equal to that of approach ; 
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if the bodies are inelastic there is no reo(»l ; and if imper- 
fectly elastic the velocity of i-ecoil is e times that of approach, 
and in the opposite direction. 

119. ObliqiLe CoUision. ■ 

Let a body with velocity u impinge 
on a fixed plane, and let the direction 
of the velocity before impact make an 
angle i with the perpendicular to the 
plane, and the direction of the velocity after impact make an 
angle r with the same perpendicular, and let the coefficient 
of elasticity be e. 

Eesolve the velocities along the plane and at right angles 
to it. The components along the plane are — 

u sin i and v sin r ; 

and at right angles to the plane, or in the line of impact 
they are — 

u cos i and v cos r. 

No impulsive force acts on the bodies in the direction 
along the plane, and therefore the velocity before and after 
impact in this direction is unaltered. 
Therefore — 

V sin r = u sin i, (i) 

To the components in the direction of the line of impact we 
can apply the laws of direct collision, therefore (Art. 112) — 

V cos r= -eu cos i. (2) 

Divide equation (i) by (2), and we find — 

tant= -etanr. (3) 

This gives the value of the angle r, and consequently the 
direction of the motion after impact is known. 

Squaring equations (i) and (2) and adding, we obtain — 

v^ = u^ (sin^ i + e^ cos^ i). (4) 

Thus the velocity after impact is known. 

The angle i is called the angle of incidence, and r the angle 
of reflection. 
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The — sign in equation (3) indicates that these angles are 
on opposite sides of the perpendicular. 

If in equation ^3) c= i, "then tan t= - tan r, and v = u. 
That is, if the elasticity be perfect, the angle of reflection is 
equal to the angle of incidence and the velocity after impact 
equal to that before. 

If e = o, then r = 90°, and v = u sin i. That is when the 
bodies are inelastic, the body impinging on the plane with 
velocity u will not recoil, but will run along the plane with 
the velocity u sin i. 



Examples. 



I. Five perfectly inelastic bodies of equal masses are arraoged at f>hort 
distances along a straight line on a smooth horizontal plane. The first body 
is now caused to move in the same line with a velocity of 100 feet per 
second ; it impinges on the secona, then the two bodies impinge on the 
third and so on. Find the final velocity after the fourth impact. 

Let the mass of each be z, then, by Art 116, 

Velocity after ist impact = 



„ and „ 



„ 3rd „ 



l + I 


a 


ax ^00 


lOD 


a + i 


3 


3 X i-j-o 


100 


" 3 + 1 • 


4 


JX^^^o 


100 



»> 



4th „ = — — — =— -=ao feet per sec 



a. A body weighing I a lbs impinges directly on anotlier at rest weighing 
4 lbs, and by the impact loses ^ of its velocity : what is the coefficient 
of elasticity ? 

From Art. 115, since v=§ ti by the question, and u'=ro, and since the 
masses are proportional to the weights, therefore, 

3. A body falls from a height A on a horizontal plane ; to what height 
will it rebound, the coeHcicnt of elasticity being e ? 

G 2 
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Velocity acquired in falling tbrongh height h= Vigh. 
Velocity of recoil (Art. 112), =e\^2ffh. 

Greatest height attained with velocity' «V^, (Art. 14), 



=e«A. 



2ff 



Exercises. 

1. Two perfectly inelastic bodies of equal masses are moving in opposite 
durections with velocities of 40 feet and 32 feet per second, respectively : 
lind their common velocity after impact. 

2. A perfectly inelastic body moving with a velocity of 100 feet per 
second strikes another inelastic body of equal mass at rest: find the 
velocity after impact. 

3. If in the preceding question the mass of the body at rest was four 
times that of the moving body : find the velocity after impact. 

4. Equal perfectly inelastic balls are placed at short equal intervals in 
« smooth horizontal groove. The first is projected from one end along the 
groove with a velocity of 20 feet per second : find the A'elocities after 
successive impacts. 

5. A body weighing 20 lbs. and moving with a velocity of 12 feet per 
second impinges on a body moving in the same direction, weighing 60 lbs. 
and having a velocity of 4 feet per second : find the velocities after 
impact, the coefficient of elasticity being jL. 

6. Two bodies of 15 Ib^. and 60 lbs. are moving in opposite directions 
each with a velocity of 20 feet per second. If the coefiicicnt of elasticity 
be ^, find the velocities after impact. 

7. A body weighing 12 lbs. and moving with a velocity of 4 feet per 
second meets a body of 3 lbs. moving in the opposite direction with a 
velocity of 16 feet per second : find the velocities after impact, (a) supposing 
the bodies perfectly inelastic ; (b) supposing them perfectly elastic. 

8. A body in motion strikes another at rest and by the impact loses one- 
fourth of its velocity. If the mass of the moving body be four times that 
of the body at rest, what is the co-efficient of elasticity ? 

9. A perfectly elastic body moving with a velocity of 25 feet per second 
overtakes and strikes another perfectly elastic body of equal mass moving 
with a velocity of 15 feet per second : what are the velocities after impact? 

zo. A ball is allowed to fall on a horizontal plane from a certain height 
and rebounds to the height of 16 feet, the coefficient of elasticity being |. 
Another ball is allowed to fall on another horizontal plane from the 
same height and rebounds to the height of 9 feet. What is the coefficient 
of elasticity in the latter case? 
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I X. A ball movinff with a velocity of lo feet per second strikes an equal 
ball at rest: if the coefficient of elasticity be }, what is the velocity of 
each ball after impact ? 

13. Four perfectly elastic balls of equal masses are placed at short 
distances in the same line. To the first ball a velocity of so feet per second 
is communicated in the line in which the balls are arranged : with what 
velocity will the last ball move o£f ? 

13. A perfectly elastic ball strikes another of equal mass at rest At 
the instant of impact the direction of motion of the first ball makes an 
angle of 45^^ with the line joining the centres of the balls : what angle 
will the durection of motion of the same ball make with the same line after 
impact ? 

14. In the foregoing question find the angle which the direction of 
motion of the second ball after impact makes with the line joining the 
centres. 

15. A ball falls from a height of 48 feet on a horizontal plane. If the 
coefficient of elasticity be ^ to what height will the ball rebound? 

16. A ball falls from a height of 96 feet upon a horizontal plane, rebounds, 
falls again and rebounds, and so on : to what height will it reach on the 
third rebound, and to what on the fourth, the coeficient of elasticity 
being } ? 

17. A perfectly elastic ball moving with a velocity of 50 feet per second 
strikes another perfectly elastic ball of equal mass at rest The angle 
between the directions of the motion of the striking ball before and after 
impact is 60° : what is the velocity of this ball after impact ? 

18. At what angle must a body strike a fixed plane so that the directions 
of its motion before and after impact may form a right angle, the coefficient 
of elasticity being ^? 

19. A body is projected from the floor of a room zz feet high, strikes 
the ceiling, rebounds to the floor, and just reaches the ceiling again. If 
the coefiScient of elasticity be }, find the velocity of projection. 

30. Two perfectly elastic balls, one of which has three times the mass of 
the other, meet directly with equal velocities : find the velocity of the 
larger body after impa?t. 
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CHAPTER iX, 

WORK AND ENERGY. 

1 20. It has been shown tliat when a force acts upon a 
body for a given tinier the effect is measured by the momen- 
tum produced ; and this is expressed by the product of the 
mass which is moved into the velocity acquired in the given 
time. 

Thus if a force F act on a mass m and generate a velocity 
v in a time ty then (Art. 88) ¥t^mvss momentum. 

121. But it is also often necessary to consider a force 
acting through a given space, and the term Work is used to 
denote the effect produced when a force moves its point of 
application through any distance. 

Work is done by a force wlien it moves its point of applica- 
tion in the direction in which it acts. 

Work is done against a force when its point of application is 
moved in a direction opposite to that in which thejorce acts, 

A force does work when it produces motion in a body 
and continues to act upon the body, whether that motion be 
opposed by resisting forces or not. Again, when a body in 
motion continues in motion through any space against a 
resisting force, work is done against the force. 

122. Hence, for the production of the work there must 
be both force and motion. A weight resting on a table 
does no work, because there is no motion. A body not 
acted upon by forces and moving uniformly does no work, 
because there is no force. When a stone falls through any 
distance the earth does work in pulling the stone to the 
ground. A man does work when he lifts the stone through any 
height. A magnet does work when it draws a piece of iron 
towards it. Again, a bullet fired vertically upwards does 
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work against the force of gravity. A cannon ball striking 
and penetrating a clay bank does work in overcoming the 
resistance of the day. 

123. The term Energy is used to denote the power of 
doing work which is possessed by any body or system. 

Energy is diBtinguished into two kinds, Potential and 
Kinetic. 

A body or system though not actually doing work may 
possess the capability of doing it^ and is consequently said 
to have potential or possible energy. A body which is in 
motion is said to have kinetic or moving energy. A stone 
resting on the top of a wall has potential eneigy from its 
position. If allowed to fall, it acquires motion, and possesses 
kinetic eneigy. During the time it is falling it has both 
jiotential and kinetic energy, the former diminishing and 
the latter increasing until it reaches the ground, when all 
its energy has been changed into kinetic. If the stone be 
thrown up with the velocity with which it struck the ground, 
it will reach the height from which it fell, and during its 
ascent it possesses both potential and kinetic eneigy, the 
latter diminishing and the former incrfiasing till the body 
comes to rest at its greatest height, when its energy is once 
more entirely potential, and equal to the eneigy with which 
it started. Further, at any intermediate point the sum of 
the potential and kinetic eneigies possessed by the body is 
constant. 

Thus one kind of energy can be changed into another^ as 
one form of matter can be changed into another ; bntenergy 
like matter is indestructible. 

124. Since a force does work when it moves its point 
of application through any space, the amount of work done 
will vary with the magnitude of the force, and with the 
space moved through in the direction in which the force 
acts. Hence, if F denote the force and 8 the space, then 

Ff -=■ work done. 

Since (Art. 40) feroe is measured statically by wei§^, a 
convenient estunate of the work done by a force ii a weight 
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raised througli a vertical height Hence, if W be the weight 
of a body, and h the vertical height tibrough which it is 
raised, WA expresses the work done, and therefore 

F« = WA. 

This is the statical measure of the work accumulated in 
the bodj by the action of the force through the given 
space. 

125. A kinetical measure of the work accumulated in a 
body may be obtained as follows : — 

Let a force F act constantly through a space « on a body 
of mass m, and produce a velocity v. Let /be the accelera- 
tion , then (Art. 7 5 ) F rs. mf. But ( Art. 12) when a body moves 
with a constant acceleration through a space s^ and acquires a 

velocity v, « = —-;. And since F« = the work done, there- 
f6reF« = m/.— ., orF« = 



2/ 2 

Therefore is the kinetical measure of the work accu- 

2 

mulated in the moving body, and is usually called the 
kinetic efiiergy of the body. 

126. Thus if a force F act through a space « on a body of 
mass m, which is not acted upon by any resisting force, it 

will produce a moving energy expressed by , Con- 

2 

versely if a body of mass m be moving with a velo<aty v its 

kinetic energy is , and it will be capable of overcoming 

2 

a force F through a space «. Thus every moving body can do 
work, and its energy is measured by the product of half its 
mass by the square of its velocity. 

Similarly if a body whose weight is W fall through a 
height hy the work done is W/t. Now, W = tw^, and 
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A = — (Art. 14) .\Wh = . Hence, ihe kinetic energy of 

2g 2 

the weight W after falling through a height h is , and if it 

2 

now be made to do work, it will raise an eqnal weight to 
the same height from which it fell. 

127. It may be assumed that the kinetic energy produced 
by a force acting through any space will be balanced by an 
equal resisting force acting through the same space. Hence, 
the space may be found through which a given moving 
energy will act against a resisting force. 

From Art. 125, 

17 mv^ . iwr* kinetic energy 
Fs = . . 8 = ^ , or space = 5:-. 

2 F resistance 

128. In the forgoing the foitse is supposed to be constant,, 
and the space described to be in the direction in which the^ 
force acts. If the dii'ection in which the point of application, 
moves be not in the line in which the force actis, then in. 
order to find the work done, we resolve the force into two 
components, one in the line of direction and the other at. 
right angles to it. The former is the working component,, 
and the product of this component into the space described 
is the work done. 

Similarly to tind the work done against a resisting force: 
when the motion is not in the line of action of the resistance- 
we resolve the latter into two components, one in the direc- 
tion of the resisting force and the other at right angles. The^ 
product of the former component into the length of path 
described is the work done against 
the resistanca Thus if a body 
whose weight is W be drawn up 
an inclined plane whose length 
is I and angle of inclination t, then 
the work done against gravity is 
W sin ixl. 

If A = height of plane, h = l sin i and Wh = W^ sin t. So 
that the work done is measured either by the product of 
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be greater than the resistance, there will be a constant 
increase of velocity, the excess of the work done by the 
force over the work done by the resistance appearing as 
additional kinetic energy. If the force be less than the 
resistance there will be a loss of velocity. If the opposing 
forces be equal there will be neither gain nor loss ; if the 
body be at rest it will remain so, if in motion it will con- 
tinue in motion with a uniform velocity. 

Hence, if a body be at rest or in uniform motion under the 
action of equal and opposite forces the works done by the 
forces are equal and opposite. Calling the work done by 
one force positive, and tiiat by the other negative, it follow a 
that in the case of equilibrium the sum of the works done 
is zero. 

The same holds true for any number of forces acting upon 
any system or machine, and the statement of this proposition 
is the Principle of Work or the Principle of Constancy of 
Work done. It is as follows : — 

If any machine or system he acted upon by forces which are 
in equilibrium, and if the system or machine be subjected to any 
displacement consistent with the arrangement or connexion of 
its parts, the sum of the loorks done by all the forces is zero. 

And, conversely, if the work done be zero, the forces are in 
equilibrium. 

134. The Principle of Work, or as it has also in a slightly 
modified form been called the Principle of Virtual Velocities, 
is of course only another form of the Principle of the 
Conservation of Energy. And this principle is really con- 
tained in Newton's Third I^aw of Motion. The terms action. 
and reaction in the Third Law may be underatood in three 
distinct senses : (i) forces, (2) quantities of motion, (3) 
amounts of energy. The first two meanings were expressly 
assigned to these terms by Newton. If one body press, 
another the force of action is equal to that of reaction. If 
one impinge on another the quantity of Tnotion lost by one 
is gained by the other. It has been shown by Professors 
Thomson and Tait that Newton in a scholium to his Laws 
of Motion assigns to the term action a further sense, which 
is equivalent to that denoted by the modern scientific use 
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of the term energy, and that thus the Tliird Law contains 
within it the great principle of the Conservation of Energy. 

135. Hence if a force P act on a machine upon which an 
opposing force H also acts, and if ^denote the distance through 
which P moves, and r the distance through which R moves, 
then by the Principle of Work the sum of the works done 
is zero, and the work done by one must be equal and 
opposite to that done by the other, and therefore 

Pp = Iir. 
Hence there is no creation of energy with a machine. 
The work done by the applied power P is exactly the same 
as that done by R. If P be less than R, p must be greater 
than r. If a smaller force equilibrate a greater it can only 
do so by moving through a proportionally greater distance. 
Hence the practical rule, " what is gained in power is lost 
in time." It is therefore impossible to get more energy 
from a machine than what is applied to it. A machine can 
never be constructed to do work without an equal expen- 
diture of applied work ; and as in every machine, owing to 
the friction of its various parts, thei*e is a transference of 
mechanical energy into molecular energy, it follows that the 
problem of " perpetual motion " is impossible. 

136. If F denote the whole friction of the parts of a 
machine, and f the sum of the distances moved by the 
rubbing surfaces against fiiction, the equation of the 
preceding Art. must be written 

Pp = Rr + F/. 
Where Pp denotes the work applied, Rr the effective work 
done, and F/* the loss of mechanical energy, or the work 
done against friction. 

Hence the effective work obtained from a machine is 
never equal to the work applied. In any machine the ratio 
of the effective work to the applied work is called the modulus 
of the machine. 

137. Units of Work. 

lie general expression for determining the work done by 
a force having been found, a unit of work has to be chosen. 
Since the work done may be estimated by a weight raised 
to a height (Art. 124), and since the usual unit of weight 
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adopted in this country is the pound weight, and the unit 
of length the foot, ihe unit of work chosen by British 
engineers is the work done in raising one pound xoeight 
through a vertical height of one foot. This unit of work is 
called ihe foot-pound. Hence if 20 pounds weight be raised 
through 5 feet, 100 units of work have been done. 

In estimating the work of machines a larger imit is 
required, and the rcUe of working has also to be taken into 
account. Watt chose as his unit for this purpose the work 
done in raising 550 pounds weight one foot high per second, 
or 33,000 lbs. I foot high per minute. This he called a 
Juyrse-power. Watt's estimate of the work done by a horee 
is now believed to be much too high, but this is of no con- 
sequence in comparing the work of machines, and his unit 
is that generally adopted for this purpose. 

The foot-pound is the unit of work generally em- 
ployed in this country by practical engineers. It is the 
British gravitation unit of work. The metrical gravitation 
unit is the centimetre-gramme. It is the work done in 
lifting vertically one gramme weight through the height of 
one centimetre. 

The British kinetic unit of work is the foot-poundal. It 
is the work done by a poundal in moving a body through 
one foot. The metrical kinetic unit is the centimetre-dyne. 
It is the work doue by a dyne in moving a body through 
one centimetre. The centimetre-dyne has received the 
name of the Erg. A foot-poundal is equivalent to 
42Ij393*8 ergs. 

138. The chief statements of the preceding Art. may be 
exhibited in the following form : — 

{ r\ -J. i.- TT -x ( Foot-pound. 

Gravitation units, < ^ . .^ . 
I ' ( Centimetre-gramme 

Units of Work, \ 

I Absolute or C Foot-poundal. 

[ Kinetic Units, \ Erg. 
Foot-pounds are reduced to foot-poundals and centimetre- 
grammes to ergs by multiplying by the value of g. As a 
mean value fo^- this country g may be taken equal to 32*2 
^or the foiTii^T reduction, and to 98 1 '4 for the latter. 
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Examples. 

X. What quantity of coal can be raised from a pit 250 feet deep by a 
steam engine of 56 H.P. in a day of 10 hours? 

56 X 1 1000 xiox60to. m j. o ^ 

^ _iz =No. of tons=xo8otons. 

250 X 2240 

2. Find the H.P. of an engine that will raise 660 cubic feet of water in 
an hour from a depth of 480 ft, a cubic foot of water weighing 62} lbs. 

6 6ox62tx48o ,y^„p 
6ox33ocx> 

3. What is the kinetic energy of a body weighing 128 lbs. and moving 
with a velocity of 100 feet per second? 

Kinetic energy =r i.»i i;« = I — lOO* = — . 

9 9 

4. A cylindrical hole having a sectional artfa of 5 sq. feet is dug in the 
ground to the depth of x6 feet. If a cubic foot of earth weigh 75 lbs., 
what is the work done in raising the earth from the pit ? 

Depth of centre of gravity of the earth which is raised = 8. 

5 X 16 X 75 X 8 = 48,000 ft. -pounds. 

5. A weight of 20 lbs. is drawn along a table by a weight of 4 lb«. 
hanging vertically, the two weights being connected by a string which 
passes over the edge of the table. If the friction be -|\yth the weight, and 
Lf after 2 seconds the string breaks, (i) how long, and (2) how far will 
the weight on the table move afterwards ? 

Acceleration 

/=JL-^ =±. 32=— ft. Velocityin28ecs.=/'<=~x 2=1?. 



F+^ 



a4 3 3 3 



, V . . momentum mv 20 ^ 32 
(i) time= : =----=_xi- 

resistance R 3» 3 _,i <.«„„ 

' =3i sees. 

20 ^ 



10 



(%S 8Dace=^*B!^li^55!^=i^= 1 x^Sx^^aV 
^ ^ *^ resistance R 3^ \ 3 >^ _ 



ao '* 

10 



6. The last carriage of a railway train gets loose whilst the train is 
running at the rate of 30 miles an hour up an incline of i in 150. 
Supposing the effect of .friction upon the motion of the carriage to be 
equivalent- to a uniformly retarding force equal to ^^ of the weight of the 
carriage : find (a) the length of time during which the carriage will con- 
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tinue running up the incline, and (6) the velocity with which it will be 
running down after the lapse of twice this interval from the instant of its 
getting loose. 

(a.) 30 miles per hour = 44 ft. per sec If W= weight of carriage, then 

WWW 

Kesistance = resolved part of W + friction = — + — = — . 

150 300 100 

W 

Time=!n£n!!!!^ sees, 

resistance K W o 

100 

(6.) Force producing motion down the plane = resolved part of W — fric- 

W W W 

tion = — — — = This force produces on the mass of W an accelera- 

150 300 300 

tion = — (Art 90). Let v = required velocity, then 
300 

p=-^.f = -^ X 1371= 14* feet 
300 300 

Exercises. 

1. A man 12 stone weight climbs a ladder 40 feet high. Find the work 
•done in gravitation units, and in absolute units. 

2. An engine is required to raise 1,500 tons of salt per day from a mine 
330 feet in dppih: what should be its horse power? 

3. In what time will an engine of 30 H.P. raise 660 tons from a pit 
ICO ft. deep ? 

4. How many gravitation units of work and how many kinetic units 
are performed in raising i ton of coal from a pit lOO fathoms deep. 

5. An engine of 60 H.P. is employed to raise water from a mine 50 
fathoms deep : how many gallons will it raise per day of 10 hours, a 
gallon of water weighing 10 lbs. ? 

6. How many cubic feet of water M-ill two engines, each of 15 H.P., 
raise in an hour from a mine 100 fathoms deep, a cubic foot of water 
weighing 62^ lbs. ? 

7. A circular well the area of whose section is 10 feet is to be dug to a 
depth of 30 ft. : what will be the work of raising the material, a cubic 
foot of it weighing 100 lbs. ? 

8. A mill pond is 120 ft long, 50 ft. broad, and is filled with water to 
the depth of 2 ft. If the fall of the water be 4 ft, required the potential 
energy of the water. 

9. What is the work done per second by a fire engine which throws a 
cubic foot of water per second with a velocity of g feet per second ? 

10. How many cubic feet of water can be raised in an hour from a well 
410 feet deep by an engine of 50 H.P., allowing 25 per cent, for friction, 
leakage, &c. ? 
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11. At what fraction of a H.P. does a man work on the average who 
can do 9CX),ooo units of work in a working day of 9 hours ? 

12. What H.P. steam engine will be required to raise 10 tons of coal 
per hour from a depth of 600 feet ? 

13. An engine of 15 H.P. raises 3,000 cub. feet of water per hour from 
a well 30 feet deep : what is the modulus of the machine ? 

14. Which could you throw further, a ball of lead or a ball of cork of 
the same size ? Give the reason for your answer. 

15. A weight of 31 lbs. is placed on a table and connected by a string 
with a weight of i lb. which hangs vertically and draws the weight of 
31 lbs. along the table. After 3 seconds the cord breaks, and the weight 
on the table moves for 4} feet further before coming to rest : what is the 
friction ? 

16. A stone weighing 12 lbs. is thrown along ice with a velocity of 64 
feet per second, and comes to rest after moving 192 yards : what is the 
force of friction ? 

17. A weight of 24 lbs. is drawn along a table by means of a cord by a 
weight of 2 lbs. hanging vertically. After 3 seconds the cord breaks and 
the weight on the table moves for 4 seconds before coming to rest : what 
is the friction ? 

18. A stationary engine draws from rest a waggon weighing 10 tons up 
a smooth incline of 30^ with an acceleration of 4 feet per second. After 
10 seconds the rope connected with the waggon breaks : how long and how 
far will the waggon move upwards ? 

19. A weight of 50 lbs. is drawn along a horizontal table by a weight 
of 10 lbs. hanging vertically. After 3 seconds the cord breaks, and the 
50 lbs. moves for 12 J feet before coming to rest : what is the friction ? 

20. Two weights of 3 lbs. and 4 lbs. are connected by a cord passing over 
a pulley. A bar weighing 2 lbs. is placed on the 3 lbs weight, and after 
motion has continued for 9 seconds the bar is removed : for what distance 
further will the 3 lbs. weight descend ? 

2 1 . What is the kinetic energy of a moving body ? What is the vis viva f 

22. What are the gravitation units of work usually employed ? What 
are the kinetic units ? 

23. A body weighing 100 lbs. moving with a velocity of 96 feet per 
second is retarded by a force of 8 lbs. : find (i) how long (2) how far the 
body will move. 

24. A stone weighing 20 lbs. is thrown along ice with a velocity of 60 
feet per second. If the friction be i\jth of the weight, find (i) how long, 
(2) how far the stone will move. 

25. A locomotive weighing 1,000 lbs. and moving with the velocity of 
48 feet per second on a level railroad is brought to rest by the brake in a 
space of 200 feet : what is the force of the brake ? 

26. A train weighing 60 tons is moving on a horizontal line at the 
uniform rate of 15 miles per hour. If the resistance of the air and friction 
be 20 lbs. per ton, what is the horse power of the engine ? 

27. If in the foregoing case the train were moving up an incline of i in 
60, what is the H. P.? 

H 
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38. A railway train weighing 300 tons is running at the uniform rate 
of 20 miles per hour when the steam is shut oCf. The friction and other 
resistances being taken as 8 lbs. per ton, find how far the train will move 
before coming to rest. 

39. A train weighing 60 tons has a velocity of 40 miles an hour : if 
the steam be turned off, how far will it ascend an incline rising z foot in 
100, the resistance from iriction, &c., being 8 lbs per ton ? 

30. What is the horse-power of an engine capable of drawing a train, 
which with the engine weighs 100 tons, up an incline of i in 50 with a 
velocity of 30 miles per hour, the friction and other resistances being 14 lbs. 
per ton ? 

31. A stationary engine draws a nulway waggon weighing 10 cwts. up 
an incline of i in 56 with an acceleration of io feet per second. After 
6 seconds from rest the rope connected with the waggon breaks. If the 
friction be equivalent to a uniform force of ^^th of the weight of the 
waggon, find (a) how long the waggon will move up the incline, and (by 
the velocity with which it will be running down after the lapse of twice 
this interval from the instant of the breaking of the rope. 

33. If in the foregoing case the incline were smooth, find (a) how long 
motion will continue upwards after the rope breaks, and (6) the velocity 
after twice this interval. 

33. A ton weight is raised through a height of 10 feet : what is the work 
done in poundals, g being 33 ? 

34. Express in foot-poundals the kinetic energy of a body weighing 
100 lbs., and moving with a velocity of 30 feet per second. 

35. A weight of 500 grammes is raised through a vertical height of 5 
metres in a pUice where ff is 980 : find the work done (a) in centimetre- 
grammes, (6) in ergs. 

36. What is the kinetic energy, expressed in ergs, of a kilogramme 
which is moving with a velocity of i metre per second ? 

37. If an engine working at the rate of 30 H.P. draw a train which, 
with the engine, weighs lao tons, along a horizontal railroad, what uniform 
velocity will it maintain when the resistances from friction and the air are 
10 lbs. per ton ? 
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CHAPTER X. 

MOTION IN A CIRCULAR PATH WITH 
UNIFORM VELOCITY. 

139. It was shown in Chapter Y. that if a body possess a- 
uniform velocity in one direction and be acted upon by a 
constant force in another, the body will move in a curved 
path, the nature of the curve depending upon the direction 
and magnitude of the force. We are now about to investi- 
gate the direction and magnitude of the force when the 
body describes a circle. 

140. Let a body of mass m be moving 
with uniform velocity in the circum- 
ference of a circle whose radium is r. 
Then some force must act on the body, 
otherwise, by the First Law of Motion, it 
would move in a straight Hne. And 
since the body is moving uniformly, this 
force neither accelerates nor retards the 
velocicy, and consequently the force must 
always act at right angles to the path of the body, and 
must therefore be constantly directed to the centre of the 
circular path in which the body is moving. To find the 
magnitude of this force : — Let F be the force andy its accelera- 
tion. Let the body of mass m be at A and be moving with 
uniform velocity v ; then if no force acted on the body it 
would move in a straight Hne along AB. Let t be the 
time in which it would reach B. During this time a force 
F directed towards the centre acts constantly on it. Let 
AC be the space which it would describe under the 
influence of this force in the same time. Then completing 
the parallelogram, the body will at the end of the time t 
be found at D (Art. 52) having moved along the arc AD. 

h2 
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If the time t be very small AD may be considered a straight 
line, and BD directed towards the centre ; and since AD is 
described with a uniform velocity v in the time t :. (Art 6), 

AD = vt. 
and AC = JA«(Art 12). 

But (Euc. YI. 8) EAAC = AD^. 

/. 2r. i/fi = vH^, 

•./=-. (l> 

T 

But (Art. TS)^ = mt, 

..F=^'. (2) 



141. IIer/*e if a body of mass m possess a velocity t?, it 
will move in the circumference of a circle whose radius is 

r if it be acted on by a force constantly directed towards 

the centre of the circle. And conversely, if a body move 
uniformly with the velocity v in the circumference of a 
circle whose radius is r, the force acting on the body 
(or the resultant of all the forces acting on it) is equal to 

, and is constantly directed to the centre of the circle. 

Thus the force required to keep a body of given mass 
moving in the circumference of a circle is directly propor- 
tional to the square of the velocity, if the radius be given, 
and is inversely proportional to the radius, if the velocity be 
given. 

This impressed force is centripetal, that is directed towards 
the centre. 

142. If the force cease to act, the body continues its 
motion in a straight line in the direction in which it was 
moving at that instant, that is in the tangent to the circle. 
Thus if a stone tied to one end of a string, the other end of 
which is held in the hand, be whirled in a circle with uniform 
velocity, the string has to be kept pulled with a constant 
force directed always from the stone to the hand. If the 
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string break, the stone will flj off, not in a direction outwatd 
from the hand, but in a. tangent to the oircnlai* path in* 
which it is moving. But whenever force is exeHed on a 
body thsre is always a reaction equal and opposite to the 
action. The stone whirled in p circle has a constant tendency, 
owing to its inertia, to move in the tangential path. To 
overcome this inertia, a constant pull has to be maintained, 
which is transmitted by the string, and this causes an equal 
reaction upon the hand and in the opposite direction. This 
strain or reaction is called the c&nJtrifugal jw^e. It is equal 
and opposite to the centripetal. 

It should be borne in mind that this centrifugal force is 
not an external impressed force. It is the reaction due to 
the impressed force, ceasing when it ceases, and always equal 
to it in magnitude but opposite in direction. 

143. It should also be observed that in the case of the 
stone whirled in a circle, no tangential force acts during the 
uniform circular motion. The body acquires its velocity by 
some force which then ceases to act, and it would continue/ 
to move in a straight line with this velocity if no force acted 
on it. The centripetal force changes the rectilinear into 
circular motion. 

144. Equations (i) and (2) of Art. 140 may be put into 
other forms which are niore convenient for some calculations. 

Let T denote the periodic time, that is the time taken 
by the. body to make one revolution, and let v denote as 
usual the ratio of the circumference of a circle to the 
diameter, which is approximately 3*14159. Then if r be 
the radius, the circumference is 29rr ; and as this is described 
with the uniform velocity v in the time T, by Art. 6, 

2irr 
Substituting in equations (i) and (2) we obtain 

-2 



F »"»%*•. (4) 



of a / ]\p 
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Thus the centripetal or the centrifugal force is directly 
proportional to the mass, directly proportional to the radius, 
and inversely proportional to the square of the periodic 
time. 

145. AnguUtr Velocity, — Ijet, as in a a 

Art. 140, a body be moving with a uni- ^^^•'t"^^ 
form velocity v in the circumference 
circle whose radius is r. Then since 
body moves imiformly, the radius drawn I q^ 1 

from the centre to the body in the cir- V J 

cumference moves through equal angles >y^ >/ 

in equal times, and the rate at which the 

radius rotates is called the angular velocity of the body. 
Let the body arrive at the point D ; the angle between the 
directions of the tangents AB and DE, which are the 
directions of the motion of the body at these points, is equal 
to the angle AOD : thus the angular velocity may be 
called the rate of change of directum of motion. The 
angular velocity is usually denoted by the letter la. If, as 
in Art. 140, T be the periodic time, and since 27r is the 
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circular measure of 360®, it follows that w = -?p. Sub- 
stituting this in equation (4) of Art. 144, we obtain 

F = muh'. 

An equation which expresses the centrifugal or centri- 
petal force in terms of the mass of the body, the angular 
velocity, and the radius of the circle described. 

146. Numerous familiar illustrations of the foregoing 
principles may be adduced. 

The mud from the wheels of a carriage in motion is seen 
to be thrown off in tangents to the wheel. A bucket full of 
water may be whirled in a vertical plane, the centrifugal 
force counterbalancing the weight of the water. In a circus 
when a horse walks round the ring, both horse and rider are 
upright, but when he gallops in the circle both lean inwards, 
and the quicker the motion the more they incline. The cen- 
irifiigal force in this case is balanced by a portion of the 



CENTRIFUGAL FOBCE* 103 

weight of the horse and the rider, and the greater the centri- 
fugal force the greater must be the portion of the weight 
applied to counteract this force, and consequently the 
greater must be the incline. 

147. The centrifugal force due to the earth's rotation pro- 
duces two distinct effects which we shall now consider. 

Owing to the rotation of the earth on its axis all bodies 
on its surfiace, except at the poles, have a tendency to fly off 
in tangents to the circles they are describing. A part of 
the force of gravity acting on each body is applied to pre- 
vent this motion, and thus the weight of the body and the 
acceleration due to gravity are less than they would be if 
the earth were at I'est. Hence, the whole acceleration due 
to the force of gravity is greater than that observed by the 
acceleration due to the centrifugal force. Calling the whole 
acceleration G, the observed acceleration </, and the accelera- 
tion due to the centrifugal forced then 

0=9+/. 

In the case of a body at the equator g has been determined 
by experiment to be about 32*088 feet per second; and 
since the velocity of a body at the equator, and the radius 
of the circle described are known, / may be shown by 
equation (i), Art. 140, to be about ciiij feet per second, 
and, hence, ^ = 288*4 y^ ^^^y therefore, 

= 289-4/. 

That is, the force of gravity is about 289 times the centri- 
fugal force at the equator. Therefore, since the centrifugal 
force is proportional to the square of the velocity, if the 
earth's rotation were 1 7 times more rapid, the centrifugal 
force at the e<]uator would be equal to the force of gravity, 
and bodies at the equator would have no weight. With a 
still more rapid rotation they would fly off in tangents to 
the equator. 

148. The centre of the circle describfii by a body at the 
equator is the centre of the earth, and, hence, the centri- 
fugal force which acts from the centre is approximately 
opposite in direction to the force of gravity. At any place 
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intennediate between the pole and equator a body describes 
during the rotation of the earth the parallel of latitude of 
the place. The centre of this parallel is not the earth's 
centre, and, hence, the direction of the centrifugal force is not 
that of gravity. Resolving the centrifugal force in the 
direction of gravity and at right angles, we obtain two com- 
ponents^ one of which acts in opposition to gravity, and the 
other tends to move the body towards the equator. Thus 
the centrifugal force at any parallel has two effects. It 
lessens the weights of bodies and the acceleration due to 
gravity, and it tends to move these bodies towards the 
equator. 

It is evident that this diminution of the weights of bodies 
owing to the earth's rotation is greatest at the equator and 
least at the poles, where there is no centrifugal force. 

Hence, if the earth were originally a spherical molten 
mass, it would by its rotation become an oblate spheroid. 

Example. 

I. One end of a string 2 feet long is fastened to a point in a smooth 
horizontal table, and to the other end is attached a weight of 4 lbs., irhich 
is caused to revolve round the fixed point aa centre with a uniform velocity 
of 4 feet per second : find the tension of the string. 

i.X4« 

F='!??!=.3^ =xlh. 

r 2 

Exercises. 

X. A stone is tied to the end of a string 4 feet long, the other end of 
which is held in the hand, and whirled round in a vertical plane. What 
most be its velocity at the highest point of the circle that the string ma}"^ 
just remain stretched ? 

%, A tram car weighing i tan and moving at the rate of 3 miles an 
hour passes round a curve whose radius is 132 yards : what is the outward 
pressure on the rails ? 

3. A weight of 4 lbs. attached to the end of a string 1 feet long, the 
otjer end of which is fixed to a point in a smooth horizontal table, moves 
on the table in a circular path round the fixed point as centre, and describes 
the circumference every 3 seconds : find the tension of the string. 

4. If in the foregoing case the string can just support a weight of 
36 lbs. : what is the greatest velocity that can be given to the weight 
before the string breaks ? 
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5. A railway train is moving with the uniform velocity of 30 miles per 
hour along a curve in the rails, the radius of which is 500 yards. From 
the roof of one of the carriages a weight of 12 lbs. is suspended by a 
string : what horizontal force should be applied to this weight so as to 
keep the string vertical while the train is rounding the curve ? 

6. A body weighing 8 lbs. is moving uniformly in a circle whose radius 
is 10 feet, and makes a revolution every 4 seconds : what is the force 
acting on the body? 

7. If a body be moving in a circular path with uniform velocity, what 
inferences may be drawn respecting the forces acting on the body ? 

8. Explain clearly what is meant by the so-called eentnJugaH force. 

9. What are the effects of the centrifugal force, due to the rotation of the 
earth, on bodies (a) at the equator, (6) at the poles, (c) at places intermediate 
between the pole and equator ? 

10. Prove that the attraction of gravity is about 289 times the centrifugal 
force at the equator due to the earth^s rotation. 

11. A stone weighing I lb. is tied to one end of a string 4 feet long, the 
other end being held in the hand, and the stone is whirled in a horizontal 
circle. If the string can just bear a tension of 2 lbs., with what velocity 
is the stone moving when the string breaks ? 

12. A body whose mass is 5 lbs. moves with a uniform velocity of 80 
feet per second in a circle whose radius is 10 feet. What force must act 
upon it, and in what direction ? 

13. A locomotive weighing 10 tons, and moving at the rate of 15 miles 
per hour, passes round a curve which is a portion of a drcle whose radius 
is 1,000 feet : find the centrifugal force. 
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CHAPTER XI. 

MOTION IN A CIRCULAR ARC WITH VARIABLK 

VELOCITY. 

149. We shall now consider the case of a body falling 
under the influence of gravity down a circular arc in a 
vertical plane, and we shall investigate (i) the velocity 
acquired by a body in falling down any circular arc in a 
vertical plane, and (2) the time taken by a body to describe 
an arc in a vertical plane when the middle point of the arc 
is the lowest point. 

150. The velocity acquired by a body in falling down a 
circular arc in a vertical plane is equal to what it would 
acquire in /ailing through the vertical height of the arc. 

Let AB, BO, CD, .... be a series of 
planes whose vertical heights are A„ Ag, /ij, 
.... An- Let a body fall down these 
planes in order without any loss of velocity 
in passing from plane to plane, and let the 
velocities at B, C, D . . . . be respectively 
v„ r^, V. r„. Then (Art. 14,) 



V 



2_ 




= 2ghi; Va^ = v{^+2gh 



a } 



V 



= v^ + 2gh„ 



2_ 



•v^ = vj_^ + 2ghj,, Adding these equations we obtain v^ - 2g 
(Aj + ^a + Ag + • • • A„) = 2gh where h =■ the whole vertical 
height. 

Let BC be an arc of a circle whose 
plane is vertical. Then BC may be 
regarded as formed of an infinite 
number of inclined planes ; and it may 
be shown that when a body falls down 
such a system of planes, there is 
no loss of velocity. Hence if the 
velocity in falling down BC be called 
•v, then by the preceding demonstration 
•v = '^2g, DE. Therefore (Art 44,) the 
velocity is the same as that acquired in falling through the 
vertical height DE. 
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151. The velocity acquired in falling down any arc of a 
circle in a vertical plane may be expressed in terms of the 
chorda drawn from the extremities of the arcs to the lowest 
|)oint of the circle. 

Let OA (Art. 150) sZ, and FA = 2^. Let the chord 
BA = a, and CA = x. Then (Euc. VL, 8)— 



DA = ^ = ?^, and EA = 
PA 2C 



AC'^ic* 
AP 2C 



But (Art. 1 50) t? = »^2g DE = V 2^ (DA - E A) = 



Similarly if V represent the velocity at the point A after 
falling through the arc BA, 

152. Tl^ Simple Pendu- 
lum, — ^Letamaterial particle 
be suspended from the point 
O by a weightless string, and 
let it be drawn aside to any 
point B. Then the weight 
of the particle acting verti- 
cally downwards may be 
resolved into two compon- 
ents, one in the direction 
OB and the other at right 
angles. The former is met 
by tho reaction of the fixed 
point, the lattor gives motion to the particle. Owing to the 
string the particle is forced to move in an arc of a circle 
whose radius is OA, and it will be readily seen that the 
component causing motion diminishes from B to A where it 
is zero. The motion is therefore similar to that of a body 
falling down a circular arc, and the velocity at any point C 
can be determined exactly as in Art. 151. The particle 
when it has reached A has its greatest velocity. At this 
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point it possesses an amount of kinetic energy wliich, if r-one 
of it were lost, would carry it up to B' at th^ same height as 
B. Here it would come to rest for an instant and it would 
then fall again towards A, rise to B, and thus continue 
oscillating between B and B'. Practically, however, owing 
to the resistance of the air and the imperfect fixedness of 
the point of support, there is a constant loss of energy and 
the body after a time comes to rest. 

Such a material particle suspended by a weightless string 
or rod and oscillating in a vertical plane round a fixed point 
is called a Simple Pendulum. The radius OA is the length 
of the pendulum, the arc BB' is the range or amplitude of 
the vibration, and the time taken to describe BB' is the 
time of vibration, 

A simple pendulum cannot be actually constructed, but a 
close approximation to it may be made. A very small lead 
ball suspended by a fine silk string may for most experiments 
be regarded as a simple pendulum. A Compound Pendulum 
is a mass of any shape oscillating round a fixed axis. 

153. When the ranges are very small compared with the 
length of the pendulum, the time of a vibration does not 
depend on the length of the range. Galileo was the first to 
observe this fact, and to apply the pendulum to measure equal 
intervals of time. It becomes of great importance thei*ef ore to 
determine on what the time of vibration of a pendulum de- 
pends and we proceed to find an expression for the time of 
vibration of a Simple Pendulum when oscillating in small arcs. 

[*] 154. To 'find the time of vibration of a simple 
pendiUu/m, Let A be a material particle suspended from O 
by a string OA, supposed to be without weight, and let it 
oscillate in an arc BB' so small that the arcs BA, OA may 
be regarded as coinciding with their chords. Let OA = l^ 
B A = a, A = X. At any point let the velocity be called 
V, and at A be V ; then (Art. 152) the velocity at B is zero ; the 

velocity v at C = V2gUE = ^(a^- a;^) ; and the velo- 
city V at A = iv/2^.DA = a A Let BCAB' be a 
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straight line equal to the arc 
BB', and let a particle oscillate 
on this straight line with the 
same velocities as the pendulum 
on the arc BB'. Each will 
therefore start from the point 
B with the velocity o, will 
have a velocity t> at C and a 
velocity V at A. and equal 
velocities at the corresponding B 
points of their paths. Upon 
BB' describe a semicircle 
BMLB', and let another 
particle movo along this semi- 
circular path with the uniform 

velocity V = a j^j. Then 

the time taken by this latter 
particle to describe the semicircumference will be the same 
as that taken by the former to describe the straight line BB'. 
For the horizontal velocity of the particle moving on the 
semicircumfeience is at any instant the same as the velocity 
of the particle moving on BB'. At the point C draw a 
vertical CM. Suppose the particle moving on the semicir- 

cumference is at M ; its velocity being uniform is a / •-. 

^j 'j 

Resolve this horizontally, and we obtain a /•? cos TMK « 

V V 

CM fg -v^AM^-ACa 

' '7 AM 




S 



cos AMC 



-'j\ 






AM~''V 



_ ll 



/a^-ac*J=v. 



a \J I 

Therefore the horizontal velocity of the particle at M is 
equal to the velocity of the particle at C. 

Similarly it may be shown that the velocities at L and A 

are each a /•£, while at B' both velocities are zero. 



Vf' 
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Hence the particles will move throughout on the ex- 
tremities of the same vertical line, and therefore the time 
taken by each to move from £ to £' will be the same. 

But the semicircumference is equal to n-a, where ir = 
3*14159, and a=the radius=BA. And since this distance is 
described with uniform velocity the time taken is^ (Art. 6), 

\l I \/ g 

This is also the time taken to describe the line BB' and is 
therefore the time of a vibration of the pendulum. Let this 
time be called t, then 
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155. From this formula it appears that the time of a 
vibration depends only upon the length of the pendulum 
and the force of gravity at the place in which it is set 
vibrating. In the same place, the times of vibration of 
different pendulums are therefore directly proportional to 
the square roots of the lengths ; and in different places, the 
times of vibration of the same pendulum are inversely pro- 
portional to the square roots of the numbers which express 
the accelerations produced by gravity. We learn also from 
the formula that the time of vibration is not influenced by 
the weight or the nature of the substance of the oscillating 
body — since these do not enter into the formula — and thus 
we have another confirmation of the fact mentioned in Art. 
77 that the force of gravity does not depend upon the nature 
of the mass but only upon its amount. 

It will be seen that by the Ixtm of a vibration is meant 
the time taken to swing from one extremity of the arc to 
other. This is strictly only a semi-oscillation of the pen- 
dulum. The time of a complete oscillation is the time taken 
to move from one extremity of the arc to the other and back 
again, and is therefore double the value given in Art. 1 54. 

1 56. All of the foregoing statements may be verified by 
oxperiment. If small masses differing in weight and in 
material be suspended by fine strings of the same length 
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and set ORcillating in small arcs, it will be found that their 
times of vibration are practically the same ; but if the pen- 
dulums be of different lengths their times are found to be 
proportional to the square roots of their lengths. 

157. By squaring the equation of Art. 154, and bearing 
in mind that the number of vibrations in a given time is 
inversely proportional to the time of vibration we deduce the 
following laws of the vibration of the Simple Pendulum : — 

(i.) With different pendulums in the same place, tJie 
lengths a/re directly praportiorud to the sqtmres of the times of 
vibration, 

(2.) With the same pendulum in different places, the 
vcUties of the accelerations prodticed by gravity are inversely 
proportional to the squares of the times of vibration arid 
directly proportional to the squares of the numbers of vibra- 
tions in the same time. 

158. The equation of Art. 1 54 is rigorously true only when 
the arc of vibration is indefinitely small. A modified form of 
the formula may, however, be obtained which is applicable 
to any amplitude of vibration. But, further, this formula 
is applicable only to the simple pendulum, which can never 
be absolutely realised ; and as an ordinary pendulum con- 
sists of a large mass called the bob suspended by a rod or 
wire whose mass cannot be neglected, it becomes of impor- 
tance to learn how the formula for the simple pendulum 
may be applied to the ordinary form of the pendulum. A 
compound pendulum is made up of particles at different dis- 
tances from the point of suspension. These particles if free 
to move separately would swing at different rates of vibra- 
tion, but being connected together the whole mass oscillates 
in a way determined by the form of the vibrating body. 
Now, it can be shown by theory — but the demonstration 
cannot be given here — that there is a point in every com- 
pound pendulum, called the centre of oscillation, at which if 
the whole mass of the oscillating body could be concentrated 
the time of vibration would not be altered. The vibrations 
of any compound pendulum are therefore the same as those 
of a simple pendulum whose length is the distance between 
the centres of suspension and oscillation. By calling this 
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distance the length of the compound pendulum, the formula 
for the simple ^^ndulum may be applied to the compound. 

159. It may be further shown that if the centre of oscil- 
lation of any vibrating mass be found, and if it be made the 
point of suspension the former point of suspension will be 
the new centre of oscillation. Thus the centres of suspen- 
sion and oscillation are convertible. 

160. The length of a compound pendulum, that is the 
length of the equivalent simple pendulum, may be approxi- 
mately determined by experiment. A very small lead bullet 
suspended by a fine silk string may be regarded as a simple 
pendulum. This is set oscillating on the same axis as the 
compound pendulum, and the string is shortened or length- 
ened until the vibrations coincide with those of the com- 
pound pendulum. The distance from the axis to the centre 
of the bullet is then very approximately the length of the 
compound pendulum. 

A still more accurate method is based upon the converti- 
bility of the centres of suspension and oscillation. The body 
is made to oscillate round any axis of suspension, and the 
time of vibration determined. Then by repeated trials 
another axis is found around which the body oscillates 
in the same time. The distance between the two axes is 
the length of the equivalent simple pendulum. Captain 
Kater employed a modification of this method. In his pen- 
dulum the two axes are fixed and a small weight can be 
moved between them and clamped at any point. The posi- 
tion of the centre of oscillation depends upon the arrange- 
ment of the mass of the oscillating body, and by repeated 
trials the movable weight is so placed that the centre of 
oscillation is made to coincide with one of the axes when 
the other is the axis of suspension. This is known when 
the time of vibration round each axis is the same, and the 
length of the pendulum is the distance between the axes. 

161. In the equation t = ir /-, any two of the three 

\/ 9 
variable quantities being known the remaining one may be 

calculated. Hence since in the case of any pendulum the 

length anr* the time of vibration can be determined, the 
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value of g at any place may be calculated. This is the most 
accurate method for determining the acceleration produced 
by gravity. 

The length of the pendulum is found with great precision 
by Kater*s method, and the time of vibration may be found 
by the method of coincidences, as follows : — 

The pendulum whose time of vibration we wish to deter- 
mine is placed exactly in front of the pendulum of an 
astronomical clock beating seconds, and both are viewed 
from a distance through a telescope. When at rest the two 
pendulum rods coincide in the centre of the field of view. 
Both are now drawn aside to the same distance and let go 
at the same moment. They cross the field of view together, 
and the instant at which they do so is given by the clock. 
Let us suppose that the experimental pendulum moves some- 
what more quickly than the clock pendulum. The former 
will soon be observed crossing in advance of the latter, the 
distance between them at each vibration gradually increas- 
ing until the experimental pendulum gains half a vibration 
on the other. The pendulums now cross in opposite direc- 
tions, and the distance between them gradually diminishes 
until they are seen to coincide, but moving in opposite 
directions. The experimental pendulum has now gained 
one vibration on the clock pendulum. The experiment is 
usually continued until another coincidence takes place when 
two vibrations have been gained, and the pendulums are 
now moving in the same direction as when started. The 
time is noted at that instant on the clock. Suppose the 
interval between the two coincidences is 500 seconds, then 
the clock pendulum has made 500 vibrations, and the ex- 
perimental 502 ; and the time of a single vibration of the 
latter is therefore 4^ sec. 

This method enables us to determine the time of a 
vibration with great ease and precision. The clock registers 
the time between the coincidences, and any error in esti- 
mating this time becomes inappreciable when divided among 
so many vibrations. 

The length of the ezpcriineiital pendulum and the time o^ 

I 
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vibration at any place having been thus determined, the value 
of g at the place is known from the formula of Art. 154, 

9 = T' 

162. The value of g has thus been determined very 
accui-ately in a great number of places over the earth. In 
London g has been found to be 32*1908 feet per second. 

The value of g varies with the latitude. This is due to 
two causes. The earth is an oblate spheroid, and therefore 
its surface near the equator is further from the centre than 
that near the poles; and as the force of the attraction of gravi- 
tation varies inversely as the square of the distance from 
the centre, the force of gravity must increase from the 
equator to the poles. Again it has been shown in Art. 148 
that owing to the action of the centrifugal force due to the 
earth's rotation the force of gravity also increases from the 
equator to the poles. Therefore for both reasons tho 
acceleration due to gravity increases with the latitude. 

163. The value of the acceleration of gravity diminishes 
with the altitude. If ^ be the value at the level of the sea and 
g^ the value at a height A, and if K denote the radius of the 
earth, then according to the law of inverse squares 

^' :^ ::R2 : (R + A)2. 

Thus if the value of the acceleration be found by experi- 
ment at any height, the value at the sea level may be 
calculated. 

164. In equation of Art, 1 54 by putting t=i^l^^. Thus 

the length of the seconds pendulum at any place de- 
pends on the value of g at the place and can be calculated 
if ^ be known. In London the length of the pendulum 
wMch makes a vibration in i second has been found to be 
39*1393 inches. The length at any place varies with the 
value of g^ and therefore the seconds pendulum must be 
shortened as we go towards the equator and lengthened as 
we go towards the poles. 

The variation in the i*ate of a pendulum due to change of 
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place or to change of the penduhim's length, can be readily 
calculated by the principles of Art, 157 when we know the 
value of ^. 

Examples, 

1. In what time will a pendulum a mile long make one vibration, where 

< = ^^i = ir^ ^=314159^165 sees. 

2. A pendulum which beats seconds in London where ^=32*19 is 
carriad to another place where it makes 100 oscillations more in a day : 
what is the value of the acceleration due to gtavity in the latter place '/ 

Let ^'= its value. 

The number of oscillations made bj the seconds pendulum in i day in 
London = 86, 40a 

g':g:: 86300» : 86400* .•./=^g. 

3. The length of the seconds pendulum in a certain place is 39'i393 
inches : what is the value oi gi 

^ <« 1« 12 

Exercises. 

1. What is the length of the seconds pendulum in London, if ^ = 
32-1908 ? 

2. If the length of a pendulum which beats seconds be 39*1393 inches 
what is the length of a pendulum which beats quarter 8econ(^ ^ 

3. A pendulum which beats seconds at the equator would if carried t<> 
the pole gain 5 minutes a day: compare the forces of gravity at tlie 
equator and the pole ? 

4. The pendulum of a clock beats seconds and is 39*1393 inches long. 
If it be shortened by the ^th of an inch, how many seconds will the dock 
gain in a da}- ? 

5. A clock having a seconds pendulum is carried to the top of a mountain 
3 miles high : how many seconds will the clock lose in a day, the radius of 
the earth being taken as 4,000 miles? 

6. The lengths of the seconds pendulum in two different places are 39*15 
and 39*14 inches respectivel}" ; compare the force of gravity in the lir»t 
place with that in the second. 

7. If the length of the seconds pendulum in Dublin be. 39*15 inches, 
what length of pendulum would vibrate once in a minute? 

8. If the value of ^ in Dublin be 32*2 what will be the length of the 
seconds pendulum, the length in London being 39*1393 inches, and j( = 

3a'i9? 

9. A clock whose pendulum beats secon Is in London is carried in the 

equator : how many seconds will it lose in a day ? Qf is equal to 32*1^ lu 
London, and 32*09 at the equator.) 

I 2 
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CHAPTER XII. 

DYNAMICS— STATICS. 
FORCE AND REST. 

Composition and Resolution of Forces acting on a Particle, 

165. It has been stated in Art. 105 that when anj 
number of forces act upon a body, each produces an accelera- 
tion proportional to itself in magnitude and in its own 
direction. These accelerations may in certain cases balance 
■each other, and the body will consequently remain at rest. 
In such cases the forces always produce their full effects, 
and it is really the effects of the forces that neutralise one 
another. It is, however, usual to say that the forces them- 
selves equilibrate, and to treat of the equilibrium of forces 
under that branch of Dynamics called Statics. If forces acting 
on any body be in equilibrium, they will be in equilibrium 
if applied to any other body, whatever the mass may be. 
Hence, in statical problems it will not be necessary to take 
into account the mass of the body upon which the forces 
act. 

In this chapter we shall consider forces acting on a 
pa/rticle, 

166. Composition of Forces acting on a Particle, — ^A 
particle may be acted on at the same time by two or more 
forces in the same or in different directions, and some one 
force may be found whose effect is equal to the combined 
effect of these forces. The forces acting at the same instant 
on the particle are called the Components, and the force 
equal to their combined effect is called the Hesultant, and 
the determination of the resultant when the component 
forces are given is called the Composition of Forces. 

In the Composition of Forces we make use of the principle 
of Art. 105, and of the demonstrations in chapter III. under 
Composition of Velocities. 
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167. Composition of Forces acting on a Particle in the 
same straight line. 

Since (Art. 105) if the particle were free to move, each 
force acting on it would produce in the unit of time a 
velocity proportional to itself in magnitude and in the same 
direction, and since the resultant velocity would be propor- 
tional to the resultant force in magnitude and direction, it 
follows from Art. 21 that if any number of forces act on a 
particle in the same straight line, then calling those acting 
in one direction positive, and those in the other negative, 
the resultant is the algebraic sum of the forces. 

168. Hence, there cannot be equilibrium when only one 
force acts on a particle. If two forces act on a particle 
there is equilibrium only when the forces are equal and 
opposite. 

169. Composition of two Forces acting on a Particle in 
directions which a/re not in the same straight line. 

If two forces act on a particle in directions which are in- 
clined to each other at a given angle the resultant may be 
found by the following proposition : — 

Parallelogram of Forces. — If two forces acting on apa/rticle 
he represented in magnitude and direction by two adja^cent 
sides of a parallelogram, tfte diagonal of the parallelogram 
draum through the particle will represent t/ie resultant force 
both in magnitude and direction. 

Let two forces represented 
by the lines OA and OB q 
act on the particle O, then 
OL represents the resultant 
of these forces. By Art. 
105 each foi-ce will produce 
a velocity in the unit of 
time proportional to itself 

in magnitude and direction. Therefore the lines OA and 
OB also represent the velocities in the unit of time due to 
the two forces. But (Art. 22) the resultant of these 
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velocities is represented by the line OL, and (Art. 105) 
the resultant force is proportional to the resultant velocity, 
therefore the line OL also represents both in magnitude 
and direction the I'esultant of the forces represented by O A 
and OB. 

Thus the resultant of two forces O A and OB acting on a 
particle in directions inclined at the angle AOB is deter- 
mined geometrically by completing the parallelogram and 
drawing the diagonal OL. 

170. K the numerical values of the forces represented by 
OA and OB be given, the resultant OL may be calculated 
precisely as in Art. 26 without the aid of trigonometry, when 
the angle AOB is any one of the following : — 30°, 45", 60°, 
90°, 120°, 135^ 150^ 

171. A general formula may be found, as in Art. 27, by 
which the resultant of two forces whose directions are in- 
clined at a given angle may be calculated. 

Let two forces P and Q act 
on the particle at O in direc- 
tions inclined at an angle 
AOB = a. Take OA, OB 
proportional to P and Q re- 
spectively, complete the paral- 
lelogram, and draw OL. Let 
0L= R. Then by trigonome- 
try, as in Art. 27. 

O L2 « B L2 + OB*^ - 2BL . OB cos (180° - a) 

.•.Il2 = p2 + Q2 + 2PQCOSO 

This is the general formida required. 

172. From the foregoing demonstration it is seen that the 
greater the angle between the directions of the forces the 
less the resultant, and that the direction of the resultant is 
always nearer the greater force. The determination of the 
angles which the direction of the resultant makes with the 
directions of the components is the same as the trigonome- 
trical problem, given the sides of a triangle to find the angles. 
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Experimental verification of 
tlie FiwaXUilogram of Forces, — 
The Parallelogram of Forces 
may be verified as follows : — 
Three fine strings are knotted 
together at a point O, and 
weights P, Q, R are attached 
one to each extremity. Two 
of the strings are passed over 
pulleys fixed on a vertical board 
and turning freely in a vertical 
plane, the other hangs verti- 
cally. The point O is acted upon by three forces P, Q, R ; 
and since it is in equilibrium, the combined effect of P and 
Q upwards is just balanced by R downwards, R, therefore, 
is equal and opposite to the resultant of P and Q. If, now, 
OA and OB be measured off proportional to P and Q re- 
spectively, and the parallelogram OACB be completed, 
then 00 will be found to be proportional to R and in the 
\'ertical direction in which R acts. This result will always 
be found, no matter how P, Q, R are varied, provided that 
equilibrium is possible with the weights selected. Hence, 
since R is equal and opposite to the resultant of P and Q, 
and since 00 represents R in magnitude and is opposite in 
direction, therefore 00 the diagonal of the parallelogram 
represents the restdtant of the forces which are represented 
by the sides OA, OB. 

1 74. Triangle of Forces. — If a particle he acted on hy 
three forces which are represented in magnitude and direction 
hy the sides of a triangle taken in order, then the forces wiU 
he in equilibrium, 

Oonversely. — If tliree forces acting on a particle he in 
ejuilibriumy and if any triangle he drawn whose sides are 
parallel to the directions of the forces, the sides of the triangle 
will represent the forces in magnitude. 

Let AB, BO, OA represent forces acting on a particle. 
Then (Art. 169) the resultant of AB and BO is AO. Sub- 
stituting the resultant for the components, the forces acting 
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on the particle are equivalent to the two AC and CA^ 
and as these are equal and opposite there is equilibrium. 




m 




If O be the particle, the lines Owi, On, Op parallel and 
equal to AB, BO, CA respectively, represent the lines of 
action and the magnitude of the forces. 

Again, let the three 
forces P, Q and R acting 
on the particle O, repre- 
sented by OA, OB, 00 
respectively, be in equi- 
librium. Complete the 
parallelogram O A D B. 
Then (Art. 1 69) OD is 
the resultant of O A and 
OB. And since there 
is equilibrium, 00 is ^ 

equal and opposite to OD (Art. 1 68). Therefoi'e the side* 
of the triangle OAD which are respectively pai-allel to the 
directions of the forces P, Q, R represent these forces in 
magnitude. But any other triangle, whose sides are parallel 
to the triangle OAD, is similar to OAD, and has its sides 
proportional. Therefore if the sides of any triangle bo 
parallel to the directions of P, Q and R respectively, these 
side3 will be proportional to the forces. 

175. Again, since if any one triangle has its sides perpen- 
dicular or equally inclined to those of another triangle, the 
triangles are similar and their sides proportional, it follows, 
that if three forces acting on a particle be in equilibrium^ 
and if a triangle be drawn whose sides are (i) parallel, (2) 
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perpendicular, or (3) equally inclined to the directions of the 
forces respectively, the sides of the triangle will be pro- 
portional to the forces. 

1 76. If thi-ee forces acting on a particle be in equilibrium 
each force is proportional to the sine of the angle between 
the directions of the other two. 

In the figure of Art. 1 74 let P, Q, R be the forces, then 
by trig. 

P : Q : R : : sin O D A : sin D A : sin D A O 
: : sin B O C : sin A O C : sin B O A 

: : sin Q K : sin P R : sin P Q 

Where Q R denotes the angle between the directions of 

Q and R, P R between P and R, and P Q between P and Q. 
Conversely, if three forces act on a particle, and each force 
be proportional to the sine of the angle between the other 
two, and that the direction of each force is outside the angle 
formed bv the directions of the other two, the forces will be 
in equilibrium. 

177. Polygon of Forces. — If for cm wJiich are represented in. 
magnitude and direction by tJie sides of a polygon taken in 
order a^t on a particle they tvill be in equilibrium. 

Let AB, BC, CD, DE, EA 
be the forces. Then (Art. 169) 
the resultant of AB, BC is AC ; 
of AC, CD is AD ; and of 
AD, DE is AE. Therefore all 
the forces are equivalent to 
the two EA and AE, and as 
these are equal and opposite 
they are in equilibrium. 

178. Parallelepiped of Forces. — If three forces represented 
in magnitude and direction by three adjacent edges of a 
paraUelopiped act on a particle, their resultant is represented 
in magnitude and direction by the diagonal of tlie parallel- 
opiped which is drawn through tite intersection of the three 
sides. 
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Let AB, AC, AD be the 
three forces. Then (Art. 169) C 
the resultant of AB, AC is 
AE ; and the resultant of 
AE, AD is AF. Therefore 
AF is the resultant of the ^ 
forces. 

AF may be calculated 
when the numerical values of 
the three farces are given ; for 




AF = V AE« + AD^ = V AB2 + AC^ + AD^. 

179. Resolution of Forces, — The Resolution of Forces is 
the converse of the Composition of Forces. It is the finding 
of component forces whose combined effect is equivalent to 
the given force. Any force may be resolved into two com- 
ponents by taking a line representing the force, and con- 
structing a parallelogram having this line as diagonal. An 
infinite number of parallelograms can be constructed having 
the same diagonal, and consequently a force can be resolved 
in an infinite number of ways. Usually in problems when 
a force has to be resolved, one of the directions is determined 
by the problem, and the whole amount of the force resolved 
in this direction is obtained by taking the direction of the 
other component at right angles to this direction. Thus in 
practice a force is resolved by making the line which repre- 
sents the force the diagonal of a rectangle. 

180. The valiie of the resolved part of a force in any 
direction can be calculated when the force is given and the 
angle which its direction makes with the direction in which 
it is resolved. 

Thus if OA be a given force, 
and a the angle which its direc- 
tion makes with the horizontal 
line, then OB is the resolved 
part of OA in a horizontal 
direction, and OB = OA cos a. 
Similarly 00, the resolved part in a vertical direction, = OA 
sin u. 
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1 8 1. To determine the resultant of any number ojt forces 
acting on a particle. 

Tlus may be eiffected by the following methods (see Art. 

32) :— 

(a.) By repeated applications of the Pa/rallelogram of 

Forces, — ^Find the resultant of two of the forces by Art. 

169, then of this resultant and a third, and so on to the last. 

The final resultant will be the resultant of all the forces. 

(b.) By the Polygon of Forces. — Construct a figure whose 
sides taken in order will represent the magnitude and 
direction of the forces ; then the line closing the figure and 
taken in the opposite direction will represent the resultant. 
Thus if in figure of Art 177, AB, BC, CD, DE be lines 
representing the forces then, as was shown in that Art., 
AE represents the resultant of these forces. 

(c.) By resolving the forces in two directions at right anjles 
to each other and compounding tlie results. 

Let O be the particle upon 
which any number of forces 
are acting. Through O draw 
the axes x and y at right 
angles to each other. Resolve 
all the forces along x and y. — 
Let the sum of the resolved 
parts along x be X, and the 
sum along y he Y, then the 
resultant of X and Y is the 
resultant of all the forces. Calling this final resultant R, then 

by Art. 169— 

R = VX2+Y«. 

182. As illustrating the resolution offorcesvfe may examine 
the case of the wind acting obliquely on the sails of a boat, 
and determine the amount of the wind's force which is avail- 
able in the direction of the motion of the boat. 

From the point O in the centre of the sail draw the line OF 
representing in magnitude and direction the force of the wind. 
Resolve ( )F ( Ai-t. 180) into the components OC and OD. The 
former is parallel to the sail and may be neglected. Resolve 
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OD into two components, OL 
and OK, OL represents the 
amountof the wind'sforce which 
is effective in propelling the 
boat, and OK represents the 
force which urges the boat 
sideways. Owing to the shape 
of the boat the lee-way motion 
produced by the force OK is 
not great, and it is counter- 
acted by the action of the 
rudder E. 




St < ly 



Examples. 

1. Two forces of so lbs. and 40 lbs. act on a particle at an angle of 60° : 
find the resultant 

Art. 171. E* = 2oa + 40* + 2X 20x40x^ = 2800 
R=^28oo=*oV7 lbs. 

This result may also be obtained by Art. 172. 

2. The resultant of two equal forces whose directions make an angle of 
60^ is 8 lbs. What are the forces? 

Art. 171. £* = r« + P« + 2 -P • P • J 
/.3Pa = 64.*.P=-|:.= Vi lbs. 

3 A carriAffe wheel whose weight is W and radius r, moving upon a 
level road meets with an obstacle of height k. What horizontal force will 
draw the wheel over the obstacle ? 

Let F be the force, and let the wheel be on 
the point of surmounting the obstacle AB. 
The three forces acting through C are in 
equilibrium, namely the force F, the weight 
of the wheel W, and the reaction of the point 
B. Therefore, Art. 174, F : W ; : EB ; C E. 
But CE=r-H and EB = >v/CB«-CE» = 
Vtr/i — h^-'.^^ : W: : V2?-A — /*« • r — hand 
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4. A weight of 10 lbs. is suspended from a 
fixed point by a flexible string ; what hori- 
zontal force applied to the string will draw 
the upper portion aside through an angle of 
60° 

Let F= the force. The point B is at rest 
under the three forces F, the tension of the 
string, and the weight of zo lbs. Therefore, 
Art. 174 — 

F : 10 : : AB : AP 

: : V3 •• I .•.F=iav/J=i7-3alb8. 




o 
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5. Three forces of a-v/j lbs., 6 lbs., and 
4 lbs. act on a particle. The angle be- 
tween the iirsc and second is 60°, and the 
angle between the second and third is 90** : 
find the resultant. 

Resolving horizontally and vertically 
(Art 181)— 

Y = 3\/3 + l 

/. R = v/xmT^= V60784 = 7 -S- 

6. The ends of two cords AC and AB, which are respectively 3 ft. and 4 
ft long, are joined together at C, and their other ends fastened to A and B 
in the same horizontal line. 



A weight of 20 lbs. is suspended from 
C, and ACB is a right angle: find the 
tension in each cord. 

Let i^ t^ be the tensions. The sides 
of the triangle ACB are respectively 
perpendicular to the three forces acting 
on the point C. Therefore (Art. 175) — 



ZO : : BC : AB 
ao : : AC : AB 



•.4:5 .•.<i = i61b8. 
: 3 : 5 .'. ^» = I* lbs. 




Exercises. 

I. Two forces which are as 3 : 4 act on a particle in directions at 
right angles to each other, and have a resultant of 15 lbs. : what are the 
forces? 

a. Can three forces of 12, 6, and 4 lbs. keep a particle at rest? 
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3. If forces of iz, 8, and 4 lbs. keep a particle at rest, how are they 
acting. 

4. A uniform rod whose weight is W is suspended by two equal strings 
attached to its ends and to a fixed point, the rod and strings forming an 
isosceles right angled triangle. Compare the tension of each string with 
the weight of the rod. 

5. If in the foregoing case the strings and rod formed an equilateral 
triangle, compare the tension with W. 

6. Two forces act at right angles to each other on a particle. The 
resultant is 25 lbs., and one of the components is 15 lbs., what is the 
other ? 

7. The resultant of two components of 21 lbs. and 28 lbs. is 25 l^s. : 
what is the angle between the components ? 

8. A cord is passed through a ring fixed in a wall, and the ends are 
pulled each with a force of ao lbs. : if the angle between the two parts of 
the cord be lao^, what is the pressure on the ring ? 

9. A weight is moved along the ground by a cord which is pulled with 
a force of 30 lbs. at an angle of 30^ to the horizon : what force acting 
horizontally would produce the same effect ? 

10. Forces of 12 lbs. and 4 lbs. act along two adjacent sides of a square : 
what is their combined effect on a particle at the angular point ? 

11. Three forces of 20, 30, and i2\/7 lbs. acton a particle. The angle 
between the directions of any two is 120^ : what is their resultant ? 

12. Forces of 10 lbs. and I2 lbs. act at an angle whose cosine is ^: find 
the resultant ? 

13. Two forces of 2 lbs. and 3 lbs. act on a particle at an angle of 45^ : 
find the resultant. 

14. If the directions of two forces be inclined to each other at an angle 
of 135^, find the ratio between them when the resultant is equal to the less 
force. 

15. A weight of 20 lbs. hangs by a cord from a fixed point. A horizon- 
tal force applied to a point in the cord pulls it aside till the upper portion 
forms an angle of 45^ with its former direction : find the force. 

16. In the foregoing case find the pull on the fixed point 

17. Two weights of 5 lbs. each are attached to the ends of a string 
which is passed over two pulleys in a horizontal line, and another weight of 

S^^ lbs. bangs from a ring which slides freely on the cord- When there 
is equilibrium, find the angle between the portions of the string on each 
side of the ring. 

18. An elastic ring is stret<:hed round three pegs which are driven into a 
board at the angular points of an equilateral triangle : what is the pressure 
on each peg if the tension of the elastic band be 10 lbs ? 

19. Can three forces of 6, 3, and 10 lbs. acting on a particle be in equili- 
brium? 

20. Three adjacent sides of a regular hexagon taken in order reprasent 
the magnitude and direction of the forces acting on a particle : what is the 
resultant ? 

21. Cords 6 ft and 8 ft long are fastened at their upper ends to two 
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hooks in a horizontal line, the lower ends being knotted together. A 
weight of 20 lbs. is suspended from the knot, and the cords are at right 
angles to each other : what is the tension in each cord ? 

32. Two forces act on a particle in directions which make an angle 
whose cosine is -j^ : find the resultant, the forces being 5 lbs. and 4 lbs. 
respectively. 

23. In the arrangement of Art. 173, if the weights P and Q be 10 and 
12 ozs. respectively, and the angle AOB Z20^, what mnst be the weight 
of R so that there may be equilibrium. 

24. If in the same system the weights P and Q are 12 and z6 oza., and 
the angle AOB po'^, what is the value of R when there is equilibrium ? 

25. Three forces of 4, 6, and 8 lbs. act on a particle. The angle 
between the first and second is 60^, and between the second and third is 
90° : what is the resultant ? 

26. Three forces act perpendicularly to the sides of a triangle at the 
middle points, and each is proportional to the side on which it acta. Show 
that they will equilibrate each other. 

27. lliree forces, the magnitude, and directions of which are given act 
on a particle : show how their resultant may be found 

28. A force of icx) lbs. acts in a direction inclined to the horizon at an 
angle of 30^ : what is the effect of this force in the horizontal direction, 
and what in the vertical ? 

27. Three forces of 99, 100, and zoi lbs. respectively, act upon a particle 
in directions making an angle of 120^ with each other successively : find 
the magnitude of the resultant, and the angle which its direction makes 
with the force of 100 lbs. _ 

30. Forces of a lbs. and 3^3 lbs. act on a particle at an angle of 3c? : 
find the resultant. __ 

31. Forces of 17 and 24^/^ ^^ ^^^ ^^ ^^ aagU of 135® : find the 
resnltanL 

32. Two forces, one of which is 4 lbs., act on a particle at an angle of 
30^, and produce a resultant of 14 lbs : find the oUier component 

33. Three smooth pegs, A, B, C, are arranged in a vertical wall at the 
angular points of an equilateral triangle whose base BC is horizontal. A 
string is passed round the pegs and a weight of 10 lbs. is attached to each 
end of the string : find the pressures on the pegs. 

34. If in the preceding case the angle BAG be a right angle and the 
triangle isosceles, find the pressures on the pegs. 

35. Two men pull each with a force of 80 lbs. in directions inclined to 
each other at an angle of 60^ at the ends of a rope passing round a smooth 
peg: find the pressure on the peg. 

36. Forces of 3, 4, 5, and 6 lbs. act on a particle at the centre of a 
square in directions tending to the angular points respectively : find the 
resultant force. 

37. Two cords, AO and BO, are knotted together at the point O, and 
have their other ends fastened respectively to two points A and B in the 
same horizontal line, a weight of 40 lbs. being suspended from O. The 
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cord AO is 13 inches long, BO i6 inches, and the angle AOB is a right 
angle : find the tensions in the cord. 

38. The two diagonals of a parallelogram represent the forces acting on 
a particle : what is the resultant. 

39. Three forces of 4, 5, and 6 lbs. act on a particle. The direction of 
each is at right angles to the directions of the other two: find the 
resultant, 

40. Forces of 10, 10, 8, 6, and 4^/3 Ihs act on a particle. The angles 
between the directions of the forces taken in order are 45^1 ys'^t ^°i A°d 
90^: find the resultant of all the forces. 

41. A weight is drawn along the ground by two ropes which are in the 
same vertical plane. The ropes make angles of 45^ and 60° with the 
horizon, and are pulled by forces of 30 lbs. and 30 lbs. respectively : what 
single horizontal force is equivalent to the two tensions ? 

42. When a horse is employed to tow a boat along a canal, the towing 
rope is usually of considerable length : why is a long rope better than a 
shorter one f 

43. A weight of 24 lbs. is suspended by two flexible strings, one of 
whicli is horizontal and the other inclined at an angle of 30^ to the verti- 
cal. What is the tension in each string ? 
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CHAPTER XIIL 



PARALLEL FORCES. 

183. Forces acting on a particle, or those whose lines of 
action meet at the same point of a rigid body, have been 
treated of in the last chapter. We have now to consider 
forces acting on different points of a rigid body^ and whose 
directions are pa/raUel, 

Parallel forces are called like when they act in the same 
direction, and unlike when they act in opposite directions. 

184. Experiment has shown that the point of application 
of a force may be transferred to any other point ia the line 
of action of the force without altering its effect. This has 
been called the trcmsmiasibUity of force. 

185. Composition of like Farallel Forces, — ^The magnitude, 
direction, and point of application of the resultant of two 
like parallel forces are determined by the following proposi- 
tion : — 

The resultanfU of two like parallel forces is equal to their 
sum, parallel to their direetiouy and applied- at a point found 
by dividing tJie line between tliem inversely as the forces. 

Let A and B 
be two points of 
a rigid body (the 
body is not shown 
in the figure) at 
which theparallel 
forces P and Q 
act respectively. 
Apply two equal 
and opposite for- 
ces S and S', one 
acting at A, the 




R=P+Q 
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other at B. Since these forces are equal and opposite, they 
equilibrate each other, and the effect of the forces P and Q 
is unaltered. Find (Art. 169) AM the resultant of P and 
S, and BN the resultant of Q and S'. The forces AM and 
BN may be transferred (Art. 184) to the point O. Resolve 
AM at O into its two components parallel to their original 
directions. We thus obtam a force S acting at O, and a 
force P acting along 00 parallel to AP. Similarly resolve 
BN into its components, and we obtaia S' and Q. S and 
S' being equal and opposite equilibrate each other. There 
remain P and Q acting along 00. These are equivalent 
(Art, 167) to a resultant P + Q which passes through a 
point in AB. The position of may be determined as 
follows : — 

The triangle OOA has its sides parallel respectively to the 
forces P, S, and AM ; and the triangle OOB has its sides 
respectively parallel to Q, S', BN. Therefore (Art. 1 74) 

-_^^and^ = :^— • Dividing the first equation by the 
S AO BO 

P BO 
second, — rr ___ or P : Q : : BO : AO. Hence the point 

' y AC' ^ 

divides AB inversely as the forces. 

186. Composition of urdiJce Parallel Forces. — TJie resuUcmi 
of two unlike parallel forces is eqtud to their difference, 
parallel to their line of action, a^ts in the direction of the 
greater force, and is applied at a point found by producing 
the line between them through the point of application of tJte 
greater force, so that the whole produced line is to tJie pro- 
duced part inversely as th^ forces. 

Let the forces be P acting at A and Q at B, Apply two 
equal and opposite forces S and S'. Compound as in Art. 
185, and let the resultants act at 0. Besolve into their 
components. S and S' equilibrate, and there remain Q and 
P acting in opposite directions in the line 00. Their 
resultant is tiierefore Q - P, acting in the direction 
of Q. Let the resultant act at 0. The position of C 
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may be found as follows : — 
The sides of the triangle OCA 
are parallel to P, S, and AM, 
and those of OCB to Q, S', and 
BN. Therefore, as in last Art., 



P 

Q 



BC 
AC 



,orQ :P::AC:BO. I 




187. The two foregoing propositions maybe exp 3rimentally 
verified as follows : — 



Fig. I- 



Fig. 2. 



A 



UP+Q 

B 



n. 



i 



B 



i 



1 

c±=0-P 



Two weights P and Q are attached (Fig i.) to the extre- 
mities of a light rod, whose weight may be neglected. These 
weights are parallel forces acting vertically downwards, and 
are equivalent to a resultant acting at some point of the bar^ 
which would be equilibrated by an equal and opposite force 
acting vertically upwards at the same point. A string is 
pass^ over a pulley and is attached by one end to a ring 
which slides on the rod, and by the other to a weight 
P + Q ; and the ring is moved until AB remains horizontal 
when suspended by the string. Then the tension of the 
string, which is P + Q, is ei^ual to the resultant of the 
weights P and Q ; and the point C is found to divide AB, 
so that AC : CB : : Q : P. 

Again in Fig. 2, a weight P acts downwards at A, and a 
weight Q upwards at B, and in order to maintain equilibrium 



k2 



132 



DYNAMICS — STATICS. 



a weight Q - P must be attached at a point C in the bar, so 
that AC : CB : : Q : P. 

1 88. Couples, — The point of application of the resultant 
of two unlike parallel forces is found by Art. i86. If the 
two unlike parallel forces be eqtialf the detei-mination of this 
point becomes impossible ; for in this case we should have 
to produce the line between the forces so that the whole 
line produced would be equal to the produced part. Two 
equal imlike parallel forces have therefore no resultant. 
They form what is called a Couple. A couple tends to pro- 
duce rotation in the body on which it acts ; and it cannot 
be balanced by any single force. 

189. Tpjmd the magnitude, direction, and point of appli- 
cation of the resultant of any number of parallel forces which 
■are eit/ier in the same, or in different planes. 

Let the forces be P, Q, 
S, T, acting at the points 
A, B, C, D, respectively. 
Join AB and divide it in 
Tj inversely as the forces 
PandQ. Then (Art. 185) 
the resultant of P and Q 
is P + Q acting at L 
parallel to the forces. Join 
LC and divide it at M in- 
versely as the forces P -1- Q 
at L, and S at G. Then 
the resultant of P, Q, and 
S is a force P -1- Q + S act- 
ing ]>arallel to the forees 
at M. Join MD and divide it at N inversely as P + Q + S 
at M, and T at B. Then the resultant R = P + Q + S + T 
acts parallel to the forces at the point N. In the same way 
we may determine the resultant and its point of application 
of any number of parallel forces. 

190. Centre of Parallel forces.— It will be seen that in the 
foregoing demonstration the determination of the point N 
is independent of the direction of the parallel forces^ so that 
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if the whole system of forces be turned into the direction 
indicated by the dotted lines, the position of N would be 
unchanged. In every system of parallel forces there is, there- 
fore, a point through which the direction of the resultant 
always passes, no matter what may be the position of the 
system, and this point is called the Centre of the System of 
Parallel Forces. 

191. In Art. 189 the forces were assumed to be like. If 
some of the forces act in a direction opposite to the others 
we have to employ the principles of Art. 186 in addition to 
those of Art. 185. For instance, in the preceding demon- 
stration if the force S be unlike to P and Q, then the point 
M is found by Art. 186, by producing CL to M, so that the 
whole line produced is to the produced part as P + Q : S. Or 
the forces may be arranged into two groups, each consisting 
of like forces, and the resultant of each determined as in the 
preceding demonstration, and finally the resultant of these 
two by Art. 186. 

192. By proceeding in this manner we shall obtain with 
every system of parallel forces some one of the following re- 
sults : — (i) A single resultant acting at a determinate centre; 
or (2) two equal and opposite forces forming a couple ; or 
(3) the resultant vanishes, the forces being in equilibrium. 

193. The centre of a system of parallel forces may always 
be found by the geometrical method of Art. 189. If, how- 
ever, the position of the centre has to be calculated, this 
method is laborious. Another mode better adapted for cal- 
culation will be explained further on. 

1 94. Resolution of Parallel Forces. — By means of the prin- 
ciples demonstrated in Arts. 185 and 186, a force can be 
resolved into two or more component forces acting at as- 
signed points. For example, if a force E, be given, acting at 
the point C, it can be resolved (Art. 185) into two parallel 
forces acting at A and B respectively, by dividing II into two 
forces inveraely proportional to AC and CB. And (Art. 
186) a force Q - P acting at C can be replaced by two forces 
Q at B and P at A. such that Q : P : : AC : BC. 
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Examples. 

I. Unlike parallel forces of 15 lbs. and 5 lbs. act at points 6 inches apart : 
find their resultant, and its point of application. By Art 186 the re- 
-flnltant = 1 5 — 5 s= 10 lbs. 

Let a; = distance of point of application of resultant from the greater 
force; then, Art. x86, 

i5x=so+5x.\x=$. 

The point of application of the resultant is 3 inches from that of the 
15 lbs. 



3. ABC is a triangle, a point in it, 
^and like parallel forces P and Q net at A 
•and B of such a magnitude that P : Q : : 
triangle BOC: triangle AOC. Show that 
if CO be produced to intersect AB in D, 
the resultant acts at D. 




P:Q! .BOC:AOC by hi-pothesis. 
.'.Art. 185, D is the point of application of the resultant. 



Exercises. 

I. Like parallel forces 10 and 6 act at two points 4 feet apart : find their 
resultant and its point of application. 

a. Weights of 5 lbs. and 7 lbs. are placed at the extremities of a rod 30 
inches long : upon what point will the rod balance, and what will be the 
pressure upon the point ? 

3. Two unlike parallel forces it and 16 lbs. act at two points i foot 
apart : find their resultant and its point of application. 

4. Two unlike parallel forces 7 and 10 lbs. act at points 6 inches apart : 
find resultant and point of application. 

5. Like parallel forces of i., 2, 3, and 6 lbs. act respectively at the 
comers A, B, C, D of a square, whose side is 10 feet: find the magnitude 
and point of application of the resultant. 

6. A cask whose weight is 224 lbs. is slung from a pole, the ends of which 
rest on the shoulders of two men who carry the weight between them. 
The cask is double as far from the first as from the other: what weight 
does each support? 

7. ABC is an isosceles triangle haying a right angle at C, and CD is the 
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fierpendicular on the hypotenuse AB. Three equal forces act along the 
Kides and in the directions AB, BC, CA. Show that their resultant acts 
At a point E found by producing DC, so that D£:CE: : \/2 r z. 

8. ABC is a triangle and any point within it Like parallel forces 
proportional respectirely to the triangles BOG, COA, and AOB act at A, 
h, and C respectively : show that O is the point of application of the re- 
sultant of these forces. 

9. Resolve a force of 8 lbs. into two like parallel forces of 8 inches apart, 
And one of them 3 inches from the given force. 

10. The resultant of two unlike parallel forces which are 6 inches apart 
is 3 lbs., and it acts at a distance of 8 inches from the greater force : what 
Are the forces ? 
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CHAPTER XIV. 



MOMENTS OF FORCKS. 

195. If a point in a body be fixed, and a force act on the 
body, it will tend to turn it round the fixed point, unless 
the direction of the force pass through the point. 



Fig. I. 



°n 



Fig. 2. 



» 
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Thus if OA (Fig. i) be a rod capable of turning round a 
fixed pivot at O, and a force P act at the other extremity, 
it will cause the rod to rotate round O. Similarly, if th« 
body in Fig. 2 be acted on by a force P, and a point O in 
the body be fixed, the force will tend to turn it round O. 
If, instead, the point O' were fixed, the force would tend to 
produce rotation round O'. But if a point in the line of 
action of P be fixed, the force will be met by the reaction of 
the fixed point, and no rotation will be produced. 

Thus whenever a force acts on a body, and some point not 
in the line of action of the force be fixed, the force tends to 
turn the body round the point, 

196. Experiment shows that the effect of the force in 
producing rotation varies with its magnitude and with the 
length of the perpendicular from the fixed point upon the 
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line of action of the force. Thus the effect of any force iq 
tending to produce rotation round a fixed point is measured 
by the product of the force into the perpendicular distance 
of its line of action from the point. This product is called 
the Moment of the force round the point. 

Thus in Fig. i, Art. 195, the moment of P with respect 
to the point O is the power of P to produce rotation round 
O, and is measured by the product of the number of units 
of magnitude in P into the number of units of length in 
O A. This is the algebraic measure of the moment of a force 
round a point. Hence if in Fig. 2 the perpendicular from 
O on the direction of P be p, the moment of P round O is 
Tp. Similarly the moment of P roimd 0' is Pp'. 

A geometrical m^easu/re of the moment of a force may also 
be found. If the force in Fig. 2 Art. 195 be represented by 
the line P, and if the extremities of this line be joined with 
O, a triangle is formed the area of which is ^Pp. Therefore 
the moment of a force round a point is geometrically 
measured by double the area of a triangle whose vertex is 
the point and whose base is the line representing the force. 

197. Rotation can take place in two directions. In 
Fig. 2. Art. 195, if O be the fixed point, the rotation is 
opposite to that of the hands of a clock, or left-handed ; 
while if O' be fixed, the rotation is in the direction of the 
hands of a clock, or right-handed. Moments are therefore 
of two distinct kinds, and it is convenient to call one of 
these positive and the other negative. It is indifferent 
which we call positive ; so that in any problem we can fix 
upon moments in one direction as positive, and in the other 
as negative, but throughout the problem we must maintain 
this distinction. 

Hence, since moments will be either + or - , the sum of 
any number of moments will always mean their algebraic 
sum. The sum of two equal moments, one of which id + 
and the other - , is zero. 

198. Moments of Forces acting on a Particle. 

Prop. I. — If the directions of two forces meet at a point, 
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tJt^ir mom-ents with respect to any j oint situated on tJie line of 
action of their resultant are equal and unlike. And con- 
versely, if the moToents of two such forces with respect to 
any point he equal and ufilike, tJie point is situated on the 
line of action of the resvMant, 

Let the directions of two 
forces P and Q meet at A, and 
let O be any point in the line of 
action of the resultant of P and 
Q, then the moments of P and 
Q round are equal and unlike. 

Since O is a point in the _ 
direction of the rc^sultant, any A 
2)ortion of the line passing 

through A and O may be taken for the resultant, and the 
adjacent sides of the parallelogram constructed on this line 
as diagonal will represent the forces P and Q (Art. 169). 
Take AO to represent the resultant, and through O draw 
OC and OB parallel to AB, AC respectively; then AC is 
equal to P and AB to Q. But the triangle AOC is equal 
to AOB, and (Art. 196) AOC= ^ moment of P round O, 
and AOB = \ moment of Q round O ; therefore the moments 
of P and Q round are equal, and they are unlike since 
they tend to produce rotation in opposite directions. Hence 
if p and q be the respective perpendiculars from O on the 
directions of P and Q, Vp = Q^'. 

Again if Vp and Q^^ are equal and unlike, O is a point on 
the line of action of the resultant: The same construc- 
tion being made, the triangle AOC = AOB (Euc. I, 34) 
.'. ^AC'/?=^AB'5', therefore AC 7? = k3'q. But by hypo- 
thesis Vp = (^q\ therefore AC : AB ;: P:Q. Hence AO 
is the resultant of P and Q, and O is therefore on the 
resultant. 

199. Prop. 2. If the directions of two forces meet in a 
pointy the aigehraic sum of ilie mmnents of the Jorces round 
any point in their plane is equal to the moment of their re- 
sultant round the sams point. 
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Let P and Q be two forces 
and R their resultant repre- 
sented respectively by the lines 
AC, AB, AD, and let the point 
O fall without the angle CAB. 
Then the moments round O are 
all like, and the moment of R 
round O is equal to the arith- 
metical sum of the moments of 
P and Q round O. This is 
established by showing that the triangle O AD = the sum ot 
the triangles OAC, GAB, these triangles being respectively 
the halves of the moments round O (Art. 196). The 
triangle OAD = OAC + OCD + ACD. Draw the perpendi- 
cular Ok meeting CD at n, and the perpendicular Am meet- 
ing DC produced. The triangle OCD = ^CD • On (Euc. I., 
41). The triangle ACD = ^CD • Am = 4CD • nk. There- 
fore OCD + ACD = iCD (On + nk) = ^CD • Ok. But OAB 
= JAB • O^ /. OAB =: OCD + ACD /. OAD = OAC + OAB. 
Hence, doubling both sides of the equation, the moment ot 
R round O = sum of moments of P and Q round O. 

Again, let O fall within the angle CAB, then the moments 
of P and Q are unlike, and the moment of R roiind O is 
equal to the arithmetical difference of the moments of P and 
Q round O. For it may be shown in a similar manner to 
the foregoing demonstration that the triangle OAD is equal 
to the difference of the tr angles OAC and OAB, Hence 
the moment of the resultant round any point is equal to the 
algebraic sum of the momcLts of the forces round the same 
point. 

The proposition of Art. 1 98 is only a case of this proposi- 
tion. When the point O £ lis on the line of action of the 
resultant^ the moment of the resultant round O is zero, and, 
therefore, the algebraic sum of the moments of P and Q 
round O is zero. Hence the moments of P and Q are equal 
and of opposite sign. 

200. Ptop. 3. If any number of forces in tJie same plane 
act on a particle, the algebraic sum of the moments round any 
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forces. 



point in the plane is equal to the moment oj the resultant 
round the same point. 

By the last Art. the proposition holds for two of the 
Then, taking the resultant of these two and a third 
force, it may be shown in the same way that the proposition 
holds for titree forces : and so on for any number of forces. 

20 1. Prop. 4. If any number o/Jorces acting on a particle 
he in equilibrium,^ the algebraic sum of tJieir moments tvith 
respect to any point in the plane is equal to zero. 

By finding the resultant of two of the forces, then of that 
resultant and a third, and so on, we should finally obtain 
two forces equal and opposite to each other. The moments 
of these with respect to any point would be equal and 
opposite, and hence the sum of the moments would be zero. 

Or, since the forces are in eqiiilibriimi, their resultant is 
zero, and therefore the sum of the moments of the forces 
round any point, being equal to the moment of the resultant 
round the point, must also be zero. 

202. Moments of Parallel Forces. 

Prop. I. The moments of two like parallel forces round 
any point in the direction of their resultant are equal and 
unlike. And, conversely, if the momsnts of two like parallel 
forces with respect to a point he equal and unlike, Hie point 
is on the line of auction of tlie resultant. 

Let forces P and Q act 
along the parallel lines AB 
and CD, and let EF be the 
line of action of the resultant. 
Then if O be a point on this 
line, the moments of P 
and Q round O are equal 
and unlike. Through O 
draw mOn at right angles 1 o 1^ 

the parallel lines. Then (Art. 185), P : Q 

P • Om = Q • On ; and these moments are unlike. 

Again let P • Om = Q • On. Then P : Q : : Ow : Owi, 
and (Art. 185) the point O is on the direction of the 
resultant. 




On : Om .*. 




MOMENTS OF PABALLEL FORCER. 141 

203. Prop. 2, The cUgebraio vwm of the moments of (my 
two parallel forces round any point in their plane is eqiml to 
the momevU of their resultant rouaid the same point. 

First let the forces be like, 0' 
and let the point lie without 
the lines of action of the forces. 
Let the forces P, Q, and re- 
sultant B act along the lines 
AB, CD, EF respectively, 
and let O be the point. From 
O draw Omkn perpendicular 
to the parallel lines. Then P- Om-f-Q • On = P (Ok-mk) 
+ Q (Ok-¥nk) = T'Ok-l? -m^ + Q -OAj + Q •nA; = (P4-Q) 
Ok-T 'mk-^Q'nk = (P + Q) OA; = R-OA;. Since, (Art. 
i85)P'OT* = Q -nk. 

In the same way it may be shown that the moment of R 
round O is equal to the arithmetical difference of the 
moments of P and Q, when the point O is taken between 
the lines of action of P and Q. 

And similarly it may be shown that the proposition is 
true for unlike forces wherever the point O is taken. 

204. Prop. 3. The algebraic sum of the m,oments of amy 
number of panraUel forces round any point in the pkme is 
equal to Ou mom^jU of the resultant round the sa/me point. 

The proof is similar to that of ^Vrt. 200. 

205. Prop. 4. If any number of parallel forces he in 
equilibrium the algebraic sum of their moments round any 
point in the plane is equal to zero. 

The proof is similar to that of Art. 201. 

206. Moments of Couples. (See Art 188}. 

A couple oonsisis of two equal unlike parallel forces. 
The arm of the couple is the p^iendicular distance between 
the diiectioiu of ite forces. The moment of the couple is 
the product of one of the forces into the arm. The aads of 
the couple is a straight line perpendicular io the plane of 
the couple and having a length proportional to its moment. 
Couples are like when they tend to turn the body in the 
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same direction, and unlike when they tend to turn it in 
opposite directions. 

207. Prop. I. — The algebraic stem of the momenta of ifi>& 
two forces which form a couple is consta/nt round every point 
in their plane, and is always equal to the moment of the- 
cov/ple. 

Let PP be the couple, and a 
its arm. Take any point O 

between the lines of action of 
the forces ; then the sum of the 
moments P • Om and P • On = 
P • mn = 1^ ' a = moment of the 
couple. 

Again, take any point O' out- 
side the lines of action. Then 

the algebraic sum = P • V - P • O'm' = P • mV = P • a = 
moment of couple. 

208. Prop. 2. — Two unlike couples in the same plane 
whose moments are equal will balance each ot/ier. 

This proposition may be regarded as a corollary from the 
definition of the moment of a couple. Each couple will 
have the same effect in turning the body, and as the couples 
are equal and opposite they will balance. 

209. From the last Art. it may be inferred that like 
couples of equal moments in the same plane will have equal 
effects, and will be equivalent to one like couple having a 
moment double that of either of the couples. 

That if there be any number of like couples in the plane 
they are equivalent to a like couple having a moment equal 
to the sum of the moments of the couples. 

And that if there be any number of couples positive and 
negative in one plane, the algebraic sum of the moments of 
the couples is equal to the moment of a couple whose effect 
is equal to the combined effect of all the couples. 

210. Forces in one plane acting on a particle. 

A system of forces acting in one plane on a particle will 
either have a single resultoM, or wiU be in equilibrium. 
For finding the resultant of two of the forces, then of that 
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resultant and a third force, and so on, we shall finally arrive 
at either of the following results : — (i) A single resultant ; 
or (2) One of the forces of the system equal and opposite to 
the resultant of all the others, so that the forces are in 
equilibrium. 

211. Conditions which liold with a system of forces in 
one plane acting on a particle and in equilibrium : — 

(i.) The sum, of the forces resolved in any direction 

vanislies. 
(2.) Tlie swm of the moments of the forces round any 

point in t/ie plane vanishes. 

(i) follows from last Art., and (2) from Art. 201. 

212. If two forces be in equilibrium, it is evident they 
must act in the same straight line and in opposite direc- 
tions. 

If three forces which are not parallel are in equilibrium, 
their directions must meet in a point. For let the direc- 
tions of two of them meet at a point, the resultant of these 
two passes through the point, and as this resultant is equal 
and opposite to the remaining force its direction also passes 
through the point. 

213. Forces in one plane on a rigid body. 

A system of forces in one plane acting on a rigid body 
must be (i) equivalent to a single resultant; or (2) equivalent 
to a couple ; or (3) be in equilibrium. 

For, compounding two of the forces, then that resultant 
and a third force, and so on, we shall finally obtain some one 
of the following results: — (i) A single resultant; (2) A 
couple ; (3) One of the forces equal and opposite to the 
resultant of all the others. In (i) the sum of the moments 
of the forces round any point in the plane is equal to the 
moment of the resultant ; and this sum vanishes only for 
points on the line of the resultant. In (2) the sum of the 
moments of the forces round any point in the plane never 
vanishes, and is always the same for every point in the 
plane. In (3) the sum of the moments round any point in 
the plane always vanishes. 
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214. Conditions which Jiold with a system of forces m 
equilibrium acting in one plane : — 

(i.) The algebraic su/m of the forces resolved in any direc^ 
tion vamshes. 

(2.) The algebraic sum of the moments of the forces round 
any point in the plane vanisJies. 

These conditions follow from last Art. 

215. Conditions which determine the equilibrium of a 
system of forces in one plane, ^ 

A system of forces acting on a rigid body in one plane vnll 
be in equilibrium : — 

(i.) If the sum of the resolved parts of tfie forces in, any 
two directions va/nishesy and the sum of the moments of tlie 
forces round any point in the plane also vanishes. 

(2.) If the sum of the moments round two points in tJie 
plane vanishes j and the sum of the forces resolved in the 
direction of the line joining these two points vanishes, 

(3.) If the sum of the moments of the forces round three 
points in the plane which are not in a straight line vanislies. 

The conditions laid down in each of the foregoing cases 
exclude the hypothesis that the forces have a single re- 
sultant, or that they are equivalent to a couple, and there- 
fore they must be in equilibrium (Art. 213). If the forces 
had a single resultant, the sum of their moments would 
vanish only round points in the line of the resultant ; and 
the sum of the resolved forces would vanish only when the 
forces are resolved at right angles to the line of the resultant. 
Now in (i) the sum of the resolved parts in two directions 
vanishes ; in (2) if there were a resultant it would be in the 
line joining the two points, and by hypothesis the sum of 
the resolved forces in this direction vanishes; in (3) the 
three points cannot all lie in the line of a resultant. Hence 
in none of the cases can the forces have a single resultant. 

Again the forces cannot be equivalent to a couple in any 
of the cases, for the sum of their moments vanishes round a 
point in the plane. 

The forces are therefore in equilibrium 
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2 1 6. We proceed to apply the principles which have been ex- 
plained to solve some simple problems dealing with forces in 
one plane. The bodies on which the forces act are supposed 
to be rigid and perfectly smooth. All reactions between 
such bodies are at right lingles to the surfaces in contact. 
The reactions of rough surfaces will be considered in a future 
chapter. 

When we have to consider problems involving several 
unknown forces, we may always eliminate any one of the 
forces which we do not require by taking moments round 
some point in its direction, or by resolving the forces at 
ricrht angles to its line of action. And when the directions 
of two or more forces intersect at a point, by taking 
moments round this point we obtain an equation not con- 
taining any of these forces. 

Examples. 

1. Three like parallel forces act on a bar 5 feet long ; one of 5 lbs. at one 
end, 10 lbs. at the middle point, and 9 lbs. at the other end : find the 
magnitude and point of application of the resultant. 

Resultant =5+10 + 9 = 24 lbs. 

Let 2 = distance of the point of application of the resultant from the end 
where the 9 lbs. force acts. Taking moments round this point (Art 304), 

24 a: = 5 X 5 + 10 X a^ /. a; = a,»y f cet. 

The resultant is 24 lbs. and acts at a distance of 2,^ ft. from one .end. 

2. Forces are represented in magnitude and direction by the lines drawn 
from the angular points of a triangle to the points of bisection of the 
opposite sides. Show that they are in equilibrium. 

Take moments round A. The moment cf 
A D = o ; the moment of BE = — twice triangle 
3JAE = — BAG; the moment of CF = + twice 
CFA=+BAC. Therefore the sum of the 
moments vanishes round A. Similarly it 

may be shown that the sum of the moments 

vanishes round B, and vanishes round C. ^ ^ ^ 

Therefore (Art 215) the forces are in equilibriam. 

3. A uniform beam 15 feet long and weighing Solbs. rests with one ond 
against a smooth vertical wall, and the other end upon a smooth honz'»ntal 
floor, the latter end being connected to the base of the wall by a string 9 
feet Ions;. 

Find the tenaioii of the string, and the reactions at the ends of the beam. 

L 
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Let AB be the beam, T the tension 
of the string, and R and R' the reactions 
at A and B respectively. Resolve verti- 
cally and horizontally and take moments 
round A ; (Art. 3x6), 

R-8o=o . . . 
T-R'=o . . . 
R'xOA=8oxiAC 

Prom (i) R = 8olb8. ; from (i) T=R'; 
from (3) R'=3olbs. 



(3) 
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Exercises. 

I. If three forces act at a point, and produce equilibrium, they must lie 
in the same plane. 

%, When will two couples produce equilibrium ? 

3. Three forces in one plane are in equilibrium : show that either they 
are parallel forces, or that their directions all pass through the same 
point. 

4. Five equal parallel forces act at live of the angles of a regular 
hexagon whose side is 10 inches : find the point of application of their 
resultant. 

5. Four parallel forces x, 3, 4, and 7 lbs. act on a bar at distances of 
3, 5, 7, and 9 feet respectively from one end : find the magnitude of the 
resultant and its distance from the end of the bar. 

6. Four parallel forces of 3, 4, 5, and 7 lbs., act on a bar at distances of 
1, 4, 6, and 8 feet respectively from one end, find the magnitude of the 
resultaiit and its distance from the end of the bar. 

7. Parallel forces of % lbs., 6 lbs., and 4 lbs. act respectively at one end, 
the middle, and the other end of a rod x foot long : what is their resultant, 
and how far is its point of application from the first end of the rod ? 

8. Forces acting in one plane are represented in magnitude and position 
by the sides of a polygon talten in order : show that they are equivalent 
to a couple. 

9. A uniform beam AB whose length is I and weight W rests with its 
end A on a smooth horizontal plane AC, and its end B on a smooth plane 
CB inclined to AC at an angle of iio'*, CA being equal to CB. A string 
fastened to the end A and to C keeps the beam from sliding : find its 
tension. 

10. A bundle is attached to one end of a stick which rests on a man^s 
shoulder, the other end being held by his band. Show that as he 
diminishes the length between his hand and shoulder the pressure on 
his shoulder increases while the pressure on the ground remains 
unaltered. 

II. Two pegs are placed nearly in a horizontal line, and a uniform rod 
lies horizontally between them resting upon one, and having one extremity 
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just underneath the other. The rod is zi feet long, and the pegs are 4 
feet asunder : compare the pressures on them. 

Vt. A uniform rod 24 inches long and weighing 30 ozs. is placed upon 
two pegs arranged horizontally at a distance of 11 inches, so that the 
middle point of the rod is equidistant from each peg. Where must a 
weight of 24 ozs. be placed so that the pressure on one of the pegs may be 
8 ozs.? 

13. A uniform beam AB whose weight is zoo lbs. has its two extremities 
A and B resting on two smooth planes AC and CR, AC being horizontal, 
and CB inclined to AC at an angle of 130^. The extremity A is tied with 
a string to a point C in the intersection of the planes, and the distances 
AC, CB are equal: find the tension in the string, and the pressure on each 
plane. 

14. Two planes AC and CB are inclined at an angle of 130'', AC being 
horizontal, and a uniform beam AB whese weight is 33 lbs. rests between 
them making an angle of 30^ with each plane, and having the lower end 
A connected with the point C by a string : find the tension of the string 
and the pressure on each plane. 

15. A bent lever whose weight is neglected consists of two arms CA 
and CB inclined to each other at an angle of 130^. AC is 3 inches long, 
CB za inches, and a weight of 30 ozs. is suspended at A: what weight 
must be attached to the extremity B, in order that the lever may rest >vith 
the arm AC horizontal ? 

z6. A uniform beam AB whose weight is 50 lbs. is suspended by two 
cords AC and BC attached to its extremities, and to a fixed point C. 
The cord BC is vertical and equal in length to AB : required the tensious 
in the cords. 

17. Solve Exam. 3 to Chap. XII. by taking moments round the point B. 

z8. A pole Z3 feet long weighing 35 lbs. rests with one end against the 
foot of a wall, and from a point 3 feet from the other end a cord runs 
horizontally to a point in the wall 8 feet from the ground : find the tension 
of the cord and the pressure of the lower end of the pole. 
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CHAPTER XV. 
CENTRE OF PARALLEL FORCES. 

217. The centre of a system of parallel forces has been 
defined in Art. 190, and the method of determining the 
centre bj geometrical construction has been explained in 
Art. 189. 

The centre of a system of parallel forces may also be 
found by an algebraical calculation. The algebraical method 
may be considered under three heads : — (i) When the points 
of application of the forces are in the same line : (2) when 
they are in the same plane ; (3) when they are in different 
planes. 

218. (i) The nuignUvdes of a number of pardlld forces 
whose poinU of application are in the same line, and the dis- 
ta/nces of these points from a point in the line being given, to 

Jmd the position of the centre of Uie forces. 

Prop, I. The m^yment of the resultant round the point is 
equal to the algebraic su/m of tlie moments of the forces 
rou/nd the same point (Art. 200). 

Let P, Q, S, be given 0, A K B c 

parallel forces acting at the 
pointe A, B, C, respectively. 
Let O be any point in the 
line and let OA =^, OB = q, 
OC = s. Let the resultant 
which is = P + Q-»-S act 
at some point K ; it is re- 
qiiired to find OK. Let 

OK = r. From draw OC '^R-P + Q + S 

at right angles to the directions of the forces ; then O A, OB, 
OC are proportional to OA', OB', 00'. But, by Art. 200, 
R-OK' = P-OA' + Q-OB' + SOC. 
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Therefore, 'Rr = Tp + Qq + Bs. And Since R=P + Q + S, r 
is detemiined 

If any of the forces such as Q acts in an opposite direc- 
tion, then, Rr = Pp - Q^' + S«. 

219. (2) Forces in one plane, — The algebraical method of 
finding the centre of a system of parallel forces in one plane 
consists in determining the distance of the centre from each 
of two fixed straight lines in the plane ; and then the position 
of the centre is the intersection of two lines drawn parallel 
to the fixed lines, at the respective distances which have 
been calculated. It is convenient to take the fixed lines at 
right angles to each other. Let, for instance, Ox and O^ 
be two straight lines at right 

angles to each other in the 
plane containing the system of 
parallel forces, and let the dis- 
tance r of the centre of the sys- 
tem from Oa; be found, and the 
distance r' of the centre Oy be 
found ; then dmwing lines parallel to Oa; and Oy at dis- 
tances r and r' respectively, the intersection of these lines 
C is the centre. The perpendiculars r and r' are called co- 
ordinates of the point C. and the lines Oa; and Oy are the 
axes of the co-ordinates. 

In order to calculate r and r', the distances of the points 
of application of each of the forces of the system from the 
lines Ox and Oy must be known. The distances r and r' 
may then be determined by the following proposition. 

220. The magnittides of a number of paraUel forces in one 
plane being given, and the distances of their points ofapplicO' 
tion respectively from a straight line in the plane, to find the 
distance of the centre oftlie system from the same straight line. 

Prop. 2. The mxym.efnJt of the resultant of any number of 
parallel forces in o?ie plane with respect to any line in the 
plane is equal to the algebraic sum of the moments of the 
fm'ces with respect to the same line. 
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Let P and Q be two of 
the forces of the system, 
and A and B their points 
of application. Divide A 
B in K so that P : Q : : 
BK : AK, then, (Art. 
185) K is the point of ap- 
plication of the resultant 
of P and Q. Let jt) be the 
distance of P from Oa;, 
and q the distance of Q ; 
it is required to determine 
the distance d of the resultant from the same line. Through 
K draw MKN parallel to Ox and produce DA to M. Then 
the triangles MKA, BKN are similar, and therefore — 

BN BK Tj ., . .. P BK P BN q^-d 
_— = --— . But by construction p. = -.- __.•.- = --^^ = 1 •. 

AM AK ^ Q AK Q AM d-p 

P {d-p)^Ql (q--d):.Td-Tp^Qq-Qd:.d = ?^±^^. 

In the foregoing the forces are supposed to be like. If 
unlike, we arrive by a similar demonstration at the result^ 

This result can also be obtained by changing the sign of 
Q in the value of d for like forces. 

Let C be the point of application of a third force S, and 8 
its distance from Ox, Join KC and divide it at L so that 
P 4 Q : S : : CL : KL. Then L is the centre of P + Q acting 
at K and of S at C. Let I denote the distance of L from 
Ox. Then by the previous demonstration 

l^(Pj:J^d + B8 ^^ substituting the value of d, 
(P + Q) + S 

Z=^±Q£±|?, and(P + Q + S); = Pp + Q2 + S*. 

p + y + 

Where I is the distance of the centre of the forces P, Q, and 
S from Ox. 
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In a similar way we may find the distance from Oa;of tbe 
centre of any number of parallel forces. If the forces be 
P, Q, S, T, Ac, their resultant R = P + Q + S + T + &c. If 
r be the distance of the point of application of the resultant 
R from Oa?, then as before, 

Rr ^ Pp + Q(2 + S« + T< + &c. 

*^ ^ ^ PTQ + S + T + <fec. 

If any of the forces such as S acts in an opposite direction 
to the others, the value for r is obtained from above by 
making S« negative. 

221. Hence, when the forces and their moments with res- 
pect to any line such sa Ox are given, we can calculate the dis- 
tance r of the centre of the forces from the same line. In a 
similar way, the distance r'of the centre from another lino 
0.V can be found. Then the position of the centre is deter- 
mined by Art. 219. 

222. (3) Forces not in tlie same plane, — ^When parallel 
f(»rces are not in the same plane, the position of their centre 
may be determined by finding its distance from each of 
tliree planes at right angles to each other. The planes 
parallel to these and at the distances respectively that have 
been calculated, will intersect in a point which is the centre 
of the system of parallel forces. Knowing the magnitudes 
of the forces, and their distances respectively from any plane, 
the distance of the centre from the plane is determined by 
the following proposition. 

Prop, 3. The cUgebraie sum of the momenta of any number 
of paraUid forces with respect to way plome, is equcd to the 
ffioment of tlmr resulta/nt with respect to Hie same plane. 
Tliis may be established in the same way as the proposition 
of Art. 220. 

Hence, if there be any number of parallel forces P, Q^ S, 
T, &c,j and ifp^p^p" be the distances respectively of the 
]>oint of ai>plication of P from each of three planes at right 
angles to one another, q, q\ <(* the distances of Q from the 
same planes, kd. Let r, /, r" be the distances of the centre 
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of the system from the planes respectively, then the following 
equations are the algebraical expression of the above propo- 
sition. 

Rr = Pp + Q<7 + S* + T< + <kc. 

Hr = Tp' + Qq' + S/ + Tt' -r kc. 

Er" = Vp" + Q^" + S«" + Tt" + kc. 

Hence, there are only three unknown quantities r, r', r" 
and there are three independent equations to determine 
them. The solution is thus always possible. Again, as 
these are simple equations, the quantities r, r', r" have each 
only one value. There is only one centre of the forces, and 
it is the point of intersection of three planes drawn parallel 
to the planes from which moments are taken, and at distances 
r, r', r" respectively from these planes. We have thus 
another proof of the statement made in Art. 1 90, that a 
system of parallel forces has always a centre, and has only 
one centre. 

Centre of Gravity. 

223. Centre of Mass or Centre of Inertia. — If the par- 
ticles of a body be acted on by parallel forces, each of which 
is proportional to the mass of the particle on which it acts, 
then the centre of this system of parallel forces may be 
called the Centre of Mass or the Centre of Inertia of the 
body. 

224. The particles of material bodies are acted on by 
forces which very nearly fulfil the above conditions. The 
earth exerts an attractive force upon every particle of a body, 
and this force is proportional to the mass of the particle. 
The direction of the force is to a point very nearly coincident 
with the earth's centre. If the earth were a homogeneous 
sphere, and at rest, the directions of all the forces of the 
attraction of gravitation on the particles of a body would 
intersect in the centre of the earth. This point is at such a 
distance from a body on the earth's surface that these direc- 
tions may be regarded as parallel. Two plumb lines sus- 
pended near each other, though really in directions that inter- 
sect near the earth's centre, are sensibly parallel. Hence the 
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particles of a body may be considered as acted upon by a 
system of parallel forces due to gravity. The centre of this 
system of forces is the centre of gravity. And since each 
particle is attracted with a force proportional to its mass, 
and since the forces may be regarded as parallel, the centre 
of gravity, according to this assumption j will coincide with 
the centre of inertia of the body. In what follows we shall 
regard these two centres as coinciding, and we shall make 
use of the propositions which have been demonstrated res- 
pecting the centre of parallel forces for the determination of 
tho centre of gi*avity of a body or syst;em of bodies. 

225. Centre of Gravity. — The centre of gravity of a body 
or system of bodies is then the point through which the re- 
sultant of all the forces due to the eaiiih's attraction of the 
body or system passes, no matter what may be the position 
of the body or system (A rt. 1 90). The sum of all these forces 
is the weight of the body or system of bodies. The weight 
always acts through this centre ; hence the centre of .gravity 
may be also defined as follows : — The C. G. of a body or system 
is that point which being supported, the body or system will 
remain at rest in every position, if all its parts be rigidly 
connected with that point and with one another. 

226. Since the weight of a body is a force always acting 
vertically through its 0. G., it follows that if a body be sus- 
pended on an axis round which it can freely turn, it will re- 
main at rest only when the C. G. and point of suspension 
are in the same vertical line. 




Fig. 2. 



Fig. 3. 



F»g.4. 






▼w 



If in Fig. I, the centre of gravity C lie vertically under 
the point of suspension P, the weight W of the body is 
counteracted by the reaction of the fixed point, and the body 
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remains at rest. If the body be moved to the position of 
Fig. 2, it will not remain at rest. For the force W may be 
resolved into the two forces CA and CB, CA is met by the 
reaction of P; CB is not counteracted, and therefore the body 
will move in the direction of this force, and after some 
oscillations it will come to rest as in Fig. i . If the 0. G. 
be vertically over the point of suspension, as in Fig. 3, the 
weight is met by the reaction at P, and the body will be at 
rest. If, however, in this case it suffer the slightest 
displacement, the force of gravity will cause the body to 
swing round the axis of suspension until at length the body 
comes to rest as in Fig. i. If, finally, the point of suspension 
coincide with the C. G., then the body will rest in any posi- 
tion, since its weight is in every position counterbalanced by 
the reaction of the fixed point. 

There are, therefore, three states of equilibrium : — Stable, 
Unstable, and Keutral. These are represented respectively 
in Figs. 1,3, and 4. If a body be suspended and in stable 
equilibrium, the C. G. is below the point of suspension, and 
if the body suffer a slight displacement the force of gravity 
tends to bring it back to its former position. In unstc^le 
equilibrium the C. G. is above the point of suspension, and 
if the body suffer a slight displacement, the force of gravity 
tends to bring the body away still further from its first 
position. In neiUrcU equilibrium the C. G. coincides with 
the point of suspension, and if the body suffer a displacement 
the force of gravity has no tendency to change its new posi- 
tion. 

227. It will be observed in the above cases that when the 
body is in stable equilibrium, a slight displacement raises the 
C. G. ; when in unstable, lowers it ; and when in neutral 
equilibrium neither raises nor lowers it. The alteration in 
the height of the C. G. may then be adopted as the test of 
the kind of equilibrium for any body, whether suspended or 
not. For example, a cone resting on a horizontal plane on 
its base, is in stable equilibrium ; resting on its apex is in 
unstable equilibrium ; and resting on its side is in neutral 
equilibrium. In the first position a slight displacement 
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raises the C. G., in the second lowers it, and in the third 
leaves it at the same height above the plane. 

228. A body placed on a plane will stand or fall accor- 
ding as its C. G. falls within or without the outline of the 
base on which it rests. When a body, such as a book, rests 
upon a table, the sum of the weights of the particles is 
equivalent to the weight of the whole book acting vertically 
downwards through its C. G. ; and the reactions of the 
plane at the indefinite number of points where the book 
touches the plane, are equivalent to an upward force equal 
to the weight of the book, and acting vertically upwards 
through its C. G. 

The body may be regaixled, therefore, as acted upon by 
two forces, equal and opposite, and it is consequently in 
equilibrium. If the body touch the plane at some portions 
only of its base, as in the case of a table resting on the 
floor, then, as before, the reactions upwards through the 
legs of the table are equivalent to one single upward force, 
which acts through the C. G. of the table, and which is 
equal and opposite to its weight. It is evident that the 
direction of the resultant of all the reactions must fall 
within the outline of the base on which the body rests, and, 
consequently, if equilibrium be maintained, the direction of 
the weight of the body acting vertically downwards througli 
the C. G., must also fall within this outline. If, for instance, 
a uniform circular table rests by means of four legs upon a 
horizontal plane, the weight acts downwards through the 
centre of the table, and the resultant of the upward reactions 
passes through the same point, and the direction of both 
falls within the area of the base, which may be determined 
by drawing a string round the feet of the table. If, how- 
ever, a heavy weight were placed near the edge of the table, 
the C. G. may be so altered that the vertical through it will 
fall without the base. The resultant of the reactions must 
act from some point within the base, and consequently can- 
not equilibi'ate the weight. Motion must therefore take 
place, and the table will turn over. 

If a body rest upon a plane, and the latter be tilted up. 
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Fig. 7. 



the direction of the vertical through the C. G. approaches 
more and more nearly the boundary of the base as the in- 
clination is made greater. In 
the figure, the vertical passes 
through the boundary of the 
base, and the body therefore 
still remains at rest. Anv fur- 
ther inclination will cause it 
to topple over. 

229. Stability of Bodies. — T/ie lower the C^ G, of a bodt^ 
the greater its atahility, the base aiid the weight remaining 
tlie same. 

Let A be a coach whose C G. is 
G., and let a force P act horizon- 
tally through G. This force tends 
to produce rotation round C. Let 
now some luggage in the body of 
the coach be piled on the top, and let 
the new C. G. be G'. Then the 
same force P will, for two reasons, 
have a greater effect in overturning 
the body. First, the moment of 
P round C is greater than before. 
Secondly, G' will have to be raised to 

a less height and through a smaller angle than G in order 
to overturn the body. 

TJie wider tJie base t/ie greater the stability, A body in 
the position A is more 
easily overturned than in 
the position B, for its C. G. 
in the first position has 
to be raised only through 
a comparatively small dis- 
tance till it comes into 
the vertical line through 
the edge of the base. 

230. Hence, it will be seen why a cart with a high load 
of hay is more likely to be overturned on a rough road than 
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one with an equal weight of some heavy material. A small 
boat also is in danger of being upset when the passengers 
suddenly stand up. A pointed body, such as a pin, cannot 
remain standing by itself upon a smooth hard surface. The 
base ia so small that the slightest movement of the air causes 
the C. G. to be unsupported. If, how- 
ever, two wires be attached to the 
pin, one on each side, with heavy 
balls at the ends which are lower than 
the point of support (as in the figure), 
the C. G. of the whole will be below the 
point of suspension, the system will be 
in stable eqiiilibrium, and the pin can 
oscillate on its point without falling. 

If a man carries a load on his back he leans forward, if 
he supports a weight in his arms he leans backwards. A 
man leans forwards when ascending a hill, and backwards 
when descending. In all such cases the man takes such 
a position that the vertical through the C. G. of his body falls 
within the base of support. 

231. Exfyemmental determiiiation of the C. G. of a body. — 
The principle explained in Art. 226, will enable us in some 
cases to determine by experiment the C. G. of a body. It 
the body be suspended on an axis round which it can freely 
turn, or if it hang by a flexible string, the C. G. lies in the 
vertical line drawn through the point of suspension. If this 
line be marked, and the body be suspended from another 
point, a new line containing the C. G. may similarly bo 
found. And since the C. G. lies in each line, it must be at 
their point of intersection. In this way the C. G. of a 
material surface or of an open framework may be approxi- 
mately determined. 

When we speak of finding the C. G. of a line or of a sur- 
face, it must be understood that we are speaking not of 
geometrical but of material lines and surfaces. A material 
line is an indefinitely thin rod, and a material surface is an 
indefinitely thin slice or lamina. 

232. Determination of the C. G, of a body or a aystem of 
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bodies, — 111 any system of material particles the weights of 
the particles may be regarded as parallel forces, and the 
determination of the C. G. is a case of finding the centre of 
a system of parallel forces. This centre may be found 
geometrically by the methods explained in Arts. 185-189, 
and algebraically by Arts. 218-222. We shall now con- 
sider some simple cases of finding the C. G. by each of these 
methods. It is only, however, in the simple cases of the 
problem that it is possible to determine the C. G. by means 
of elementary mathematics. 

233* Geometrical method of determining ihe C, G, of a 
body or a system of bodies. 

The C. G. is defined in Art. 225, and we apply the prin- 
ciples of Art. 189. 

To find the C G, of any number of heavy particles. 

Let A, B, C, D be a ^c 

number of heavy par- 
ticles, whose weights are 
P, Q, S, T respectively. 
These weights form a 
system of parallel forces. 
Therefore (Art. 189) join AB and divide it in K inversely 
as the weights P and Q; join KG and divide it in L 
inversely as P + Q and S: join LD and divide it in M 
inversely as P + Q -}- S and T. Thus (Art. 189) M is the 
centre of gravity of the particles. In the same way the 
C. G. of any number of particles may be found. 

The resultant of all the weights of the particles passes 
through the point M in all positions of the system. Hence 
if the particles be rigidlv connected with one another and 
with the point M, and ii this point be supported, the system 
will remain at rest in every position. 

If instead of particles,, bodies of any magnitude be placed 
so that their centres of gravity will coincide with the points 
A, B, C and D, the foregoing demonstration will apply, and 
the C. G. of the bodies will be at the point M. 

234. The method by which the C. G. of the particles in 
the preceding Art. has been foimd shows that it is always 
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possible to fiod the C. G., and that any system of particles 
liAS only one C. O. 

That a body or system can have but one C. O. may also 
be inferred as follows : — The resultant of a body or system 
always acts through its C. G., so that the effect of the 
system is the same as if the whole weight were collected at 
tiftt point. A body is therefore kept at rest when a force 
equal to its weight acta vertically upwards through its 
C. G. Kow if the body had two centres <rf gravity the 
direction of the force would have to pass tlui>ugh both 
centres. Ent this would be impossible if the body were 
turned so that the centres would Ue in the same horizontal 
plane. A body therefore can have but one C. G. 

235. To find the C. Q. of a material straight line. 

We may suppose the line, or indefinitely thin uniform 
rod, to be mnde up of pairs of equal particles equidistant 
from the middle point. The C. G. of eaidi pair will be the 
middle point of die line ; therefore this point will be the 
C, G. of the whole line. 

236. To find tie C. G. of a paraUelogrem. 

Let ABCD be an indefinitely a k b 

thin lamina whose opposite edges , y y 

are parallel. Bisect AB in K / / / 

and CD in L, and join KL. y- -/ -/m 

The parallel<^ram may be sup- / / / 

posed to be mode up of an indefi- ^^ ^^ g 

nite number of material lines 

parallel to AB. Each of these lines has its C. G. at its 
middle point. The line EL passes through all the middle 
points ; therefore the C. G. of the parallelc^;rani lies in KXi. 
Similarly we may show that it lies in MN joining the 
middle points of AC and BD. Hence the C. G. of the 
parallelogram is the point of intersection of KT. and MN. 

237. TofimdtlieC.G.oftheperi/ineterofaparailelogram, 
liet the perimeter be that of the parallelogram of prot-ed- 

ingArt. TheC. G.of ABandCDliesin KL;andofAC 
and BD in MN. Therefore the C. G. of the perj- 
the point of intersection of KL and MN. 
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238. To find the 0, G. of a triangle. 
We may suppose the triangular 

lamina made up of an indefinite 

number of lines parallel to one side 

AB. Bisect AB at M and join CM. 

It can be easily shown by geometry 

that CM bisect all the lines parallel 

to AB ; therefore the C. G. of the ^' 

triangle lies in CM, Similarly the C. G. lies in the line 

AN bisecting another side BC. Therefore the C. G. of the 

triangle is at the point of intersection O of the lines CM 

and AK. 

By a well-known geometrical theorem each of the lines 
CM and AN is divided at O, so that one part is double the 
other. OM is consequently one-third of CM. Hence the 
C. G. of a triangle lies on the line joining the middle point 
of any side with the opposite angle, and at one-third of the 
length of this line from the side. 

239. The C, G. of a triangle coincides vnth tlie C. G, of 
three equal Jieavy particles placed at the angular points of the 
triangle. 

In the triangle ABC (Fig. of last Art.) let three equal 
particles be placed at the points ABC. Then the C. G. of 
the particles at A and B is at M. Join M with C and 
divide MC into two parts at the point G so that MG is half 
of GC. Then G is the C. G. of the three particles, and MG 
is one-third of MC. Therefore the point G coincides with 
the point O. 

240. 7o find the C. G. of the perimeter of a triangle. 
Let AB, BC, CA be uniform thin 

rods enclosing a triangular space. Bisect 
these lines in the points M, L, K. The 
weights of the Unes may be regarded as 
acting at these points respectively. 
Join KL and divide it N inversely as the 
weights of AC and CB. Join NM and 
divide it at O, inversely as the weights of 
AC + CB and AB. Then O is the C. G. of the perimeter- 
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It may be shown by geometry that O is the centre of the 
circle inscribed in the triangle KML. 

241. To find the C G, ofanyplav^ rectilineal figure. 

Divide IJie figure into triangles, and find (Art. 238) the 
O. G. of each triangle. The weights of the tnangles 
respectively may be regarded 9& acting at these points, and 
by applying Art. 233 we can find the C. G. of the whole. 

[*] 242* To find the C, G. of a triangular pyramid. 

Let ABCD be the pyramid. 
Bisect BC in E ; join AE ; take 
EF = JAE; then F is the C. G. 
of the triangle ABC (Art. 238). 

Join FD ; then the C. G. of 
the pyramid lies in the line FD. 
For the pyramid may be supposed 
to be made up of an indefinite 
number of triangles parallel to 
ABC, and FD passes through 
the C. G. of each of these 
triangles. For let a 6 c be one of 
these triangles. Join ED. ED bisects be (see Art. 238). Join 
ea; then the C. G. of a 5 c lies inae. But a 6 is a line in 
the plane DAE, and DF is another line in this plane, there- 
fore DF intersects a e in. some point f. From similar 
triangles (Euc. VI. 4) DF : D/*: : AF : a/ and DF : D/: : 
FE : fe :. (Euc. V. 1 1, and alternately) AF : FE : : a/ :/e ,-. 
af= ofe /./is the C. G. of a 6 c. Hence the C. G. of the 
pyramid lies in DF. Similarly by taking EH = JED and 
joining HA we may show that the C. G. of the pyramid 
lies in HA. Therefore the point of intersection G of HA 
and DF in the plane DEA is the C. G. of the pyramid. 

By similar triangles in the plane DEA, 

AD : FH : : AE : FE : : 3 : I . . AD = 3FH. 

Again in the triangles — 

FG FH 
ADG, FGH (Eua VI. 4) ^ = XD = *• 

.-. GD = 3FG and DF = 4FG. 
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Hence the C. G. lies in the line FD at Jth of its length 
from the base. 

243. Tke C. G, of a triangvlanr pyramid coincidea with the 
C. G. of four equal heavy particles placed at the angular 
points of the pyramid. 

Let four equal heavy particles be placed at the points 
A, B, C, D (see Fig. of last Art.) Then (Art. 239), the 
C. G. of the particles at A, B and C is F, Join FD and 
divide it inversely as the sum of the weights of the particles 
at A, B, C to the weight of the particle at D. Hence FD 
will be divided in the ratio i : 3, and therefore the point of 
division which is the C. G. of the four particles will coincide 
with G. 

244. To find the C. G, of any Pyramid having a plane 
rectilineal polygon for base. 

The base may be divided into triangles, and the given 
pyramid will be equivalent to as many triangular pyramids 
as there are triangles in the base. The C. G. of each of 
these triangular pyramids will be on the line joining the 
C. G of its base with the vertex at one-fourth its length 
from the base. Therefore the 0. G. of the whole pyramid 
will be in a plane parallel to the base and at one-fourth the 
perpendicular distance of the vertex from the base, since 
this plane will pass through the C. G. of each of the 
pyramids. But we may suppose the pyramid to be made up 
of an indefinite number of laminae parallel to the base. 
The C. G. of each of these will lie on the line joining the 
C. G. of the base with the vertex ; therefore the C. G. of the 
pyramid lies on this line. Hence the C. G. of the pyramid 
is the point where this line intersects the plane parallel to 
the base, and is therefore at one-fourth of the length of this 
line from the base. 

245. To find the C, G. of a Cone. 

Since a circle may be regarded as a polygon having an 
infinite number of sides, a cone may be regarded as a 
pyramid having such a polygon for its base. The C. G. of a 
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cone lies therefore on the line joining the centre of the base 
with the vertex, at one-fourth its length from the base. 

246. Algebraical metJiod of determining tJie Centre qf 
Gravity. 

The C. G. of a system of particles may also be determined 
by the principles explained in Arts. 218-222. 

If the particles lie in the same straight line, and if their 
weights and their distances respectively from a point in the 
line be known, then the sum of the moments of the particles 
round this point will be equal to the moment of their 
resultant round the same point. Hence the distance of the 
C. G. from this point may be found. 

247. If the particles lie in the same plane, and their 
weights and their distances respectively from each of two 
lines in the plane be known, the distance of their C. G. from 
each line can be calculated by the following proposition (see 
Art. 220). 

The sum of the moments o/tlie v^eighta with respect to any 
line is equal to tlie TnomerU of tlieir resultant with respect to 
the satne line. 

Hence the position of the C. G. is found as in Art. 221^ 

248. If the particles are not in the same plane, their 
weights and their distances respectively from each of three; 
planes being given, then the position of the C. G. is deter- 
mined as in Art. 222. 

It is convenient in the above cases to have the lines and 
the planes, with respect to which the moments are taken, ftt 
right angles to each other. 

249. Principle of Symmetry, — We can frequently deter- 
mine at once the C. G. of certain bodies by the principle of' 
symmetry. A body is said to be symmetrical with respects 
to a plane when it may be regarded as formed of equal par- 
ticles equidistant from the plane. The C. G. of the lK>dy 
must evidently lie in this plane. If the body be sym- 
metrical with regard to two or more planes, the 0. G. must 
lie in the line or point of intersection of the planes.. 

m2 
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Applying this principle to the following bodies, we see at 
once that the C. G. of 



Line . . .Is its middle point. 



Parallelogram 
Perimeter of do. . 
Circle . 

Circumference of do. 
Parallelopiped 
Cylinder 
Sphere 


„ point of intersection of diagonals. 

„ do. do. 

„ centre. 

„ do. 

„ intersection of diagonals. 

„ middle point of axis. 

„ centre. 




Examples. 



I. A uniform pencil rests on a table with ^^ths of its length projecting; 
beyond the edge. A beetle whose weight is ^th that of the pencil crawls 
^long it: how far may it crawl without upsetting the pencil? 

Let «7= weight of pencil, and a;=the distance of the beetle beyond the 
edge of the table when the pencil is on the point of being upset. The 
resultant then passes through the edge of the table. The weight of the 
pencil acts at its middle point, which is -^{^th of its length from the edge 
^'aklng moments round the edge .'. (Arts, aoa and 346), 

Therefore the distance is ^rd of the length of pencil from the edge, or T^jth 
from the end. 

a. A bar supposed to be without weight is 5 feet long, and has weight* 
•of I, a, 3, and 4 lbs. suspended at the distances respectively of i, a, 3, and 
4 feet from one extremity : where must a fulcrum be placed so that the 
bar may balance upon it ? 

Let X = the distance of the fulcrum from the extremity. Taking 
•moments round that extremity .*. Art. 246, 

iox= I xi + axa + 3X3 + 4X4.*.a;=3ft. from end. 

3. A circle is described upon one of the radii of another circle, and the 
smaller circle cut out Find the C. G. of the remainder, the diameter of 
the larger circle being aa. 

Circles are proportional to the squares of their diameters ; therefore the 
circles are as 40^: a'.'. 3a* is proportional to the area of the remainder. 
Let a:=the distance of its C. 6. from the centre of the larger circle. 
Taking moments round the centre.*. (Art. aoa), 

3a'xa; = a'x-.'.a; = -. 
a o 

4. Five equal bodies are placed at fire of the angles of a regular hexagon 
whose side is a: find the distance of their C. G. from the unoccupied 
comer. 
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The C. G. will evidently be upon the diagonal passing through the 
unoccupied angle. 

Let a; = the distance required, and let w= weight of each body. Taking 
moments round the unoccupied angle (Art. 246) thus, 

/4 

each side of which is 3 feet : find the dis- / 
tance of the centre of these forces from A i 
two adjacent sides of the square. I 

We employ Art. 247. Take moments 1 ^5 
with respect to CD, .•.3x3 + 4x3= 1 / 
(3 + 4 +5 + 6)j: .-. X = i^ feet Take \""/y- 
moments with respect to AC, .'.3x3 1 / 
+ 6 X 3 = (3 + 4 + J + 6)y .-. y = ij / 

feet qV. 

Therefore the centre of the forces is z^ ft from CD, and z} ft. from 
AC. 

Exercises. 

z. A weight is suspended by a string from a hook : show that it will 
remain at rest only when its centre of gravity is vertically below the point 
of suspension. 

a. A man when going up a hill leans forwards, but when coming down 
leans backwards : why ? A horse when drawing a heavy load up a hill 
takes a zigzag course : why ? 

3. Explain what is meant by "stable" "unstable," and "neutral" 
equilibrium. Give an example of a body in each of these conditions. 

4. A uniform wire is bent so as to form the perimeter of a triangle : 
show how the C. G. of this perimeter may be found. 

5. Show how to determine the C. G. of an indefinitely thin triangular 
plate . — 

(a.) By a geometrical construction. 
(b.) By experiment 

6. Particles whose weights are 2, 2, and z, arc placed at the corners of 
an equilateral triangle whose side is zo feet : how far is the C. G. from the 
smaller particle ? 

7. A tower is built in the form of an oblique cylinder upon a base whosd 
diameter is 60 feet The inclination is such that for a slant height of 5 
feet there is a vertical height of 4 feet What is the greatest vertical 
height such a tower can have ? 

8. A circular table rests on three legs placed at equal distances on the 
circumference. If the weight of the table be 20 lbs., what is the greatest 
Avri^lit which may be placed on any point of the table without up- 
M-ttin^it? 
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9. A trian^nilar slab of uniform thickness weighing 90 lbs. is supported 
in a horizontal position bj three props at the comers: vhat is the pressure 
on each prop ? 

la Four particles whose weights are 3, 5, 7, and 9 a-e placed at the 
corners A, B, C, D of a square the side of which is one foot: find the C. G. 
of the particles. 

zz. A beam 16 feet long and weighing 50 lbs. is thicker at one end 
than at the other, its C. G. lying at the distance of 5 feet from the thicker 
end. This end rests on a prop : where must another prop be placed so 
that the pressures on the props may be equal, the beam being horizontal ? 

i«. Four bodies weighing i, 2, 4, and 7 lbs. respectively are placed 
with their centres of gravity in a straight line at the respective distances 
o' 3« 5t 7 1 and 9 feet from one extremity of the line : iiud the 0. G. of the 
weights. 

13. A bar each foot of which weighs 7 lbs. rests upon a fulcrum distant 
3 feet from one extremity : what must be its length that a weight of 71^ 
lbs. suspended from that extremity may just be balanced by ao lbs. sus- 
pended from the other extremity ? 

14. The top of a triangle is cut oil by a straight line parallel to its base, 
and at a distance from it of two thirds of the height of the triangle : find 
the C. G. of the remaining part. 

15. Two books similar in every respect each 10 inches long, lie one ex- 
actly over the other on a table, over the edge of which they project 3 
inches. How much further may the upper book be pushed out before they 
fall over ? 

16. Seven bodies of equal weight are placed so that their centres of 
gravity coincide with as many angles of a cube, the diagonal of which 
is a : find the distance of their C. G. from the unoccupied angle of the 
cube. 

17. A straight line parallel to the base of a triangle, cuts off a triangle 
which is one-fourth of the whole : find the C. G. of remainder. 

18. From a material circle another circle described on a radius is cut 
out : find C. G. of remainder. 

19. Three men at the corners of a heavy slab support it : show that 
each bears an equal pressure. 

20. A heavy uniform rod 40 inches long is bent at its middle point so 
that the arms are at right angles. Find the distance of the new position of 
the C. G. of the rod from its position before being bent. 

a I. A uniform wire is bent so as to form the perimeter of a right angled 
triangle, the lengths of the sides being 10, 8, and 6 feet Find the distance 
of the C. G. of the perimeter from each of the latter sides. 

%%, A square whose side is 10 has an equilateral triangle described on 
one side : find the C. G. of the whole figure. 

93. Determine by a geometrical construction the C. G. of half of a 
regular hexagon. 

44. Particles whose weights are i and 7 are placed at the ends respec 
tively of a rod 3 ft long, the weight of which is neglected, and particles 
whose weightf are 3 and 5 are placed each at a distance of 8 inches from 
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the weights i and 7 respectively. Find the distance of the C. G. from the 
middle point of the rod. 

25. The side of a square is 10 ft One of the triangles formed by the 
diagonals is cut out : find the C. 6. of the remainder. 

36. The diagonal of a square is 10 feet. Two lines drawn through the 
middle points of the opposite sides divide the square into four smaller 
squares. One of these is cut out: find the C. G. of remainder. 

27. From a square whose side is 4 inches, a comer square whose side is 
I inch is cut out : find C. G. of remainder. 

28. Find the C. G. of the surface of a right cone. 

29. Two uniform cylinders of the same material, one of them 8 inches 
long and 2 inches in diameter, the other 6 inches long and 3 inches in 
diameter are joined together end to end so that their axes are in the same 
straight line» Find the C. G. of the combination. 

30. Weights of I, 2, 3, 4, 5, 6, 7, and 8 lbs. are placed in order at the 
corners of an octagon whose side is a. The centres of gravity of the 
weights coincide with the angular points respectively. Find the dis- 
tance of the C. G. of the whole of the weights from the centre of the 
oct4igon. 

31. Weights of z, 2, 3, 4, 5, and 6 lbs. are placed in order round the 
corners of a regular hexagon whose side is a : find the distance of C. G. of 
weights from the centre of the hexagon. 

32. One of the triangles formed by the intersection of the diagonals of 
a square whose side is a is taken away : find the C. G. of the remainder. 

33. From a cone whose height is 4 inches, another cone 2 inches in 
height is cut off by a plane parallel to the base : find the C. G. of the 
frustum. 

34. A uniform beam 25 feet long and weighing 100 lbs. has its upper 
end resting against a smooth vertical wall, and its lower on a smooth floor 
At the distance of 7 feet from the wall, this end being connected with the 
base of the wall by a string : find the tension in the string. 

35. Four spheres whose weights are z, 3, 5, and 9 lbs. are placed so 
that their centres coincide with the angular points of a square whose side 
is 4 feet : find their C. G. 
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CHAPTER XVI. 
M ACHIN KS. 

250. When a force does work at one point, an eqnal 
amount of work may be obtained at another assigned point. 
A machine is an instrument by which the energy available 
at any place can be transferred to another place. The force 
applied to a machine is usually called the Power, and when 
this force does work by the expenditure of a certain amount 
of energy, an equal amount of work is done against resisting 
forces. These resisting forces may be a weight which is to 
be lifted, and the friction of the parts of the machine. 
Neglecting for the present the forces of friction, the work 
done by the power is equal to the work done against the 
weight. Calling P the power and 'p the distance through 
which it moves its point of application in the direction in 
which it acts, R the weight and r the distance through 
which it moves, then, Art. 135, 

Pp = Rr. 

251. The construction and action of all machines may be 
referred to one or more of the Simple Machines or Mechanical 
Powers, which are six in number. They may be arranged 
in three classes, as follows : — 

The Lever ; (2) The Wheel and Axle ; 
The Inclined Plane; (4) The Wedge; (5) 
The Screw ; 
III._(6) The Pulley. 

252. We shall investigate the conditions of equilibrium 
for each of these simple machines. The problem in each case 
may be considered from two points of view. The machine 
may be ut rest under the action of the equilibrating forces 
of the power and weight, or it may be moving imiformly 
under the same equilibrating forces. Hence the problem 
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may be examined either statically or kinetically. We shall 
adopt both methods ; and for the present we shall assume, 
that the machine acts without friction. 

When there is equilibrium with any machine, the ratio of 
the weight to the Power is called the Mechanical Advantage 
of the machine. 

The Lever. 

253. The Lever is a rod straight or bent, turning round 
a fixed point called the fulcrum, and having at least two 
forces, usually called the power and the weiglU, acting at 
other points of the bar. This rod is supposed to be in- 
flexible. 

254. Levers are usually divided into three classes accord- 
ing to the relative positions of the fulcrum, the weight, and 
the power. When the fulcrum is between the power and 
the weight, the lever is of the first class ; when the weight 
is between the power and the fulcrum, the lever is of the 
second class ; and when the power is between the weight 
and fulcrum, it is of the third class. 

The following are examples of the first class of levers : — 
The handle of a pump ; a poker resting on the bar of a 
grate. To the second class belong — The oar of a boat ; a 
chipping knife with a hinge at one end. To the third 
class — ^The treadle of a turning lathe. Examples of double 
levers of each class are — A pair of scissors ; a pair of nut- 
crackers ; a pair of tongs. 

In the human body there is an example of each class of 
lever. When a man standing on his feet raises his body 
so as to rest on his toes, his feet are levers of the first class, 
the fulcrum being at the ancle, the power applied at the 
heel by the muscle attached to the leg, and the weight 
acting vertically at the toes. The jaws form a double lever 
of the SQCond class. The forearm is a lever of the third 
class when a weight placed in the hand is raised by the 
action of a muscle attached to a point near the elbow, the 
latter being the fulcrum. 

This distinction into classes of levers is not of any 
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theoretical importance. The same rule applies to all kinds 
of levers. 

255. The ratio between the power and the weight when 
there is equilibrium with a lever may be determined by 
statical principles as follows : — 

When there is equilibiium the resultant of the power and 
weight passes through the fixed point or fulcrum, the re- 
action of which is equal to the resultant pressure upon it. 
Tlius the forces acting on the lever equilibrate each other, 
and it remains at rest. 



Fig. I. 



Fig. 2. 
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In Figs. I, 2, 3 the forces are at right angles to the lever; 
in Fig. 4 they are oblique. In Fig. i the resultant is equal 
to the sum of P and W ; in Figs 2 and 3 equal to their 
diflerence ; in Fig. 4 it is represented by the diagonal OF of 
the parallelogram AB where OA and OB are proportional 
to P and W. 

[In all of these oases, when P and W are in equilibrium 
their resultant passes through F, and the moments of P and 
W round F are equal and opposite (Arts. 198, 202). 
Therefore P x FA = W x FB. That is P multiplied hy ttie 
perpendicular from F on tlie direction ofP = W multiplied 
by the perpendicular from F on tlie direction o/W. Calling 
these perpendiculars the arms of P and W, respectively, the 
rule is frequently expressed as follows : — 

P X arm of P = W x arm of W". 
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256. This iTile applies to all classes of levers. The dis- 
tinction into classes is of use in determining the arms of the 
power and iiv eight respectively. In the third class of levers 
the arm of the power is greater than the arm of the weight ; 
the power must therefore be greater than the weight, and 
there is consequently a meclianical disadvantage, but a cor- 
responding gain in velocity. 

257. The rule for the 

lever may also be deter- * ^^^^^ 

mined by the Principle of l^**^*^**..,^ ^ :B* 

Work (Art. 135) as fol- 
lows : — Let a force P act 
at the point A of the lever 
AB, and a resistance W 
at B. Let AB move 

into the position A'B' round the fulcrum C^ and for the sake 
of simplicity let AA' BB' be vertical lines ; then (Art. 135) 
P X AA' = W X BB'. But AA' : BB' : : AC : CB (Euc. vi. 
4) /. P X AC = W X BC. And the same result may be ob- 
tained similarly for the other classes of levers. 

258. Combination of Levers, — Levei*s may be used in 
combination, and thus in a compact form a great mechanical 
advantage may be produced. 
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The levers AB, CD, EF, having their fulcnims at L, M, 
and N, may be connected at the ends B, C and E, D, so as to 
form one system. P acting downwards at A produces an 
upward force at B, and this causes a downward force at D. 
Let Q be the force at B, and R that at D. Then if the 
levers are in equilibrium (Art. 255) P'AL = Q'BL; Q'CM 
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= R-DM ; R-EN = W-FN. Multiplying the corresponding 
terms of these equations^ we obtain 

P- ALCMEN = WBLDMFN. 

That is the power x product of arms of power = weight x 
product of arms of weight. 

259. As examples of the lever of great practical im- 
portance, we shall here consider at more length than we can 
devote to other instruments some forms of the Balance. 

TJie Common Balance. — ^The common balance is a lever of 
the first kind. As it is used to determine the equality of 
the two weights placed in the scales, the arms are made 
equal. It consists of a beam turning round a fulcrum 
which is equidistant from the two ends, to which scale pans 
are attached. 




The requisites of a good balance are : — (i) Accuracy, (2) 
Stability, (3) Sensibility. 

A true or accurate balance rests with its beam horizontal 
when equal weights are placed in the scale pans. A stable 
balance returns to the horizontal position if disturbed. A 
sensible balance turns when a very slight additional weight 
is added to one scale. 

260. The accuracy of a balance depends on the following 
condition : — 

TJie arms should he of eqiud length. 

The balance is said to be true if the arms be equal, and 
false if unequal. The ainns must remain unaltered in length 
during the oscillations of the beam. This is effected by 
attaching to the beam a triangular prism with its edge 
downwards — called a knife edge — and the beam rests by this 
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edge on its supports. The axis of suspension is thus a mere 
line, and daring the oscillations of the beam the lengths of 
its arms are unaltered. In the finest balances constructed 
for physical and chemical researches the beam rests by a 
knife edge of tempered steel upon an agate plane, and the 
scales also rest by means of agate planes on knife edges of 
steel turned upwards at the ends of the beam. 

If O be the fulcrum and C the C. G. of the beam and 
scales, then when equal weights are hanging from A and B, 
the beam will remain horizontal with C directly under O, 
since the arms being equal the moments round O are equal 
and opposite. 

If when equal weights are in the scales, one of the scale 
pans is pushed inwards or outwards, the moments round the 
fulcrum are no longer equal, and the beam will not remain 
horizontal 

261. The atahUity of the balance depends on the following 
conditions : — 

(a.) The C, G, of the beam and scales should he below the 
axis of suspension. 

If the C. G. of the balance be in the axis of suspension, the 
beam will remain at rest in any position, and thus the hori- 
zontal ity of the beam cannot be used to determine the 
equality of the weights in the scales. If the 0. G. be above 
the axis of suspension, the equilibrium will be unstable 
(Art. 226), and the slightest movement will cause the beam 
to overturn. The C. G. should therefore be below the axis. 
If, then, the beam be turned into any position such as that 
indicated by the dotted lines, the moments of the weights in 
*the scales are still equal, but the C G. is now at C, and the 
weight of the balance tends to turn the beam back to its 
original position with a moment equal to the product of the 
weight of the balance into the perpendicular from O on the 
vertical through 0', and after some oscillations the beam 
will come to rest with its C. G. vertically under O. 

(b,) The oases of suspension of the scales shinUd be in the 
-same plane with the axis ofsuspensicm of the beam. 
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So far as regards the equilibrium of the beam the C. G. 
of the weights in each scale maj be regarded as coinciding 
with the point of suspension of the scale pan. Hence if 
the axes of suspension of the scales be above the axis of the 
beam, the C. G. of the whole balance becomes raised when 
weights are placed in the scale pans, and it may bj additional 
loading be made to coincide with the plane of the axis of 
suspension of the beam, and the balance will then cease to act. 
If on the other hand the axes of suspension of the scales be 
under that of the beam, increased loading will lower still 
further the C. G. of the balance, and will increase its stability, 
but diminish its sensibility. But if all the axes are in the 
same plane, increased loading will raise the C. G., which, 
however, can never rise so high as the axis of suspension. 
The sensibility will therefore be increased, while the balance 
will still remain stable. 

(c.) The bea/m alioyld he rigid. 

Any bending would evidently affect either the stability 
or the sensibility. Hence the beam is usually made in the 
form of a very elongated rhombus. 

262. The sensUnlity of a balance depends on the foUowing 
conditions being satisfied in its construction. 

(a.) Tlie friction should he as amaU as possible. 

The more readily the balance turns, the more clearly it 
indicates any inequality in the weights. The knife edges 
diminish friction during the play of the balance, and con- 
sequently increase the sensibility. 

(6.) The arms of the beam should be as long as possible. 

The greater is then the moment of a small additional 
weight in turning the beam. 

(c.) The beam sJiovld be as light as possible. 

If the beam be turned by an additional weight in one 
scale into the position indicated by the dotted lines, the 
moment tending to turn it back to its original position is 
the weight of the balance into the perpendicular from O on 
the vertical through C. The heavier the beam the greater 
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this moment, and the greater, therefore, the additional weight 
required to produce a given deflection. 

(d.) The C. G, of the balance should he near the aacU of 
suspension. 

The nearer it is the Icfs the moment which^ when the 
beam is deflected, tends to turn it back again. 

Sensibility and stability are therefore qualities of a balance 
which to some extent are incompatible. Hence the character 
of a balance must be determined by the use to which it is 
to be put. For refined physical weighings, sensihility is the 
more important requisite; for ordinary purposes, a more 
stable balance is better adapted. 

263. The equality of the arms of a balance may be tested 
as follows : — ^A body placed in one scale is equilibrated by 
weights in the other, and the weights and the body are 
then transposed. If equilibrium still exists the arms are 
equal, if not they are unequal A very slight inequality in 
the arms is at once detected in this way ; for if equilibrium 
is produced with a false balance, and the bodies transposed, 
the heavier is now attached to the longer arm and the lighter 
to the shorter, and the moments must be unequal. 

264. With a false balance the true weight of a body may 
be easily obtained by either of the following methods of 
double weighing. These methods are frequently employed 
even with the best chemical balances, since even with the 
utmost skill and care it is impossible to make the arms 
exactly equal. 

(i) Place the body in one scale of the balance, and 
equilibrate with some substance such as sand in the other 
sode. Then take out the body and substitute known 
weights in its place until once more there is equilibrium. 
The weights are then the true weight of the body, since 
acting at the same arm, the weights and the body have each 
equilibrated the sand. 

(2.) Weigh the body first in one scale and then in the 
other ; multiply the apparent weights together, and extract 
the square root of the product. This is tho true weight of 
the body. 
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For let a and b be i^e arms of the Hake InJanoey let tr be the 
true wei^i of the body, let a; be the apparent weight when 
attached to by and y when attached to a : then (Art. 255), 

ioa = bx 

and tpb = ay; multipl jing these equations, 

/. to'ab = abxy /. wt* = acy and w = V^. 

265. A delicate physical balance requires ^e utmost care 
in its constroction and use. The beam except when in use 
is not allowed to rest on the knife edges ; stops, which can 
be raised or lowered, are placed under the scale pans ; the 
weights are moved with a forceps, and are not touched by 
the hand; the whole is enclosed in a glass case which 
preserves the balance from dust. A long index oscillates 
with the beam, so as to show a very slight deflection. A 
delicate balance will turn with the millionth part of the 
load added to either scale. 

266. The Common Steelyard. — ^The common steelyard con- 
sists of a beam 
A B turning 

round a fhl- ^A f (^ ^^ 1 1 1 1 ■ ■ ■ ■ ■ ■ ■ ■ ■ 1 1 . . n fi 
crum Chaving [ & ' C j ^ I 1 1 M 1 I H i '' " t gXTD 

a scale pan at- jl J^ Q 

tached to one A P 

ana and a 
weiglitP which 
can Mlide along 

the other arm. This arm is graduated, and the weight of a 
body placed in the scale pan is found by moving P to some 
|)oint on the arm CB until the beam remains at rest in a 
horizontal position. The graduation of the beam at this 
point gives the weight of the body. 

267. The beam may be gi*aduated expeiimentally by 
placing in the scale pan successively i, 2, 3, &c, units of 
weight, and finding by trial the successive positions to 
which P must be moved in order to keep the beam 
horizontal. These points are marked i, 2, 3, kc, Tn a 
similar way the beam can be graduated for any other unit 
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of weight. These diyisions of the beam may be subdivided 
so as to express fractions of the unit weight. 

268. The successiye positions of P, when i, 2, 3, &c., 
units of weight are placed in the scale pan, may cJso be 
determined by calculation. Let w be the weight of the 
beam and scale pan and G the G. G., and let K be the 
position of P when a weight W is placed in the scale. 
Taking moments round C, (Art. 204)^ 

WAC = m;GC + PKC. 

Take LC : GO : : ti? : P ; then PLC = w?, GC ; 

and WAC = PLC + PKC = PLK, 

Take W equal successively to P, 2P, 3P, &c., . . . then 
LK = AC, 2 AC, 3 AC, (be, ... . Therefore measure off 
from the point L distances equal to AC, 2 AC, 3 AC, &c., 
and at these points mark i, 2, 3, 4, &c. ; then when there 
is equilibrium with P at the points i, 2, 3, <fec., the weights 
in the scale are respectively P, 2P, 3P, &c. Therefore if P 
be a known weight, W is also known. If, for instance, P be 
I oz. then the graduation of .the beam where P rests when 
there is equilibrium expresses the number of ozs. in W. The 
divisions of the beam are all equal, and by subdividing 
them into equal parts, fractions of the unit weight may be 
expressed. 

Thus with a graduated steelyard the weight of a body 
may be found without the set of stamped weights required 
with the ordinary balance. 

269. The Danish Steelyard, — The Danish Steelyard has a 
ficale pan or hook at 

one end A, and a J^k B 

heavy knob at the . . -| /* ' • ^^ ^ 

other end, the ful- j\ \^ ^ ^^^ 

orum C being mov- /\ CO 

able. When a body 
W is placed in the 
scale pan, the beam 
is pushed through 

N 
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the ring at until the weight of the beam and scale pan w 
acting at the C. G equilibrates W, and then the graduation 
of the instrument gives the weight of W. 

270. The beam may be graduated experimentally in the 
same way as the common steel yard (Art. 267). 

The positions of the fulcrum C for successive units of 
weight in the scale pan may also be determined as follows : — 

iSet C be the position of the fulcrum when there is 
equilibrium with a weight W in the scale pan. Taking 
moments round 0, then 

WAC = M7-GC = w?(AG-AC) = ti?AG-t^AC .-. 

AC=^^^^. 

Take "W = ti?, 2Wf yw, &c., . . . then the successive values 

of AC are , — , , &c., . . . and the position of the 

234 
fulcrum C for these values of W can be marked on the beam. 

The successive distances of the point C from A as thus 
determined form an harmonical progression, since the recip- 
rocals of the successive values of AC form an arithmetical 
progression. These graduations are therefore not equal, and 
subdivisions of them are made by giving to W intermediate 
values and calculating the corresponding positions of the 
fulcrum. 

The "Wheel and Axle. 

271. The wheel and axle in its simplest form consists of 
two cylinders forming one 
rigid body, and having a 
common axis. The larger 
of these cylinders is called 
the Wheel and the smaller 
the AxU, A cord fastened 
to the weight is coiled 
roimd the axle, and an- 
other fastened to the power 
is coiled in an opposite di- 
rection round the wheel, so ' 
that as the power descends the weight ascends. 
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272. The ratio of the power to the weight when there is 
equilibrium may be determined as follows : — 

We may suppose P and W to 
act in the same plane perpendi- 
cular to the axis. The figure 
represents a section of the wheel 
and axle in this plane. The in- 
strument may be regarded as 
made up of an indefinite num- 
ber of levers having a common 
fulcrum at C, and coming into 
action successively. Each lever 
will in turn come into the posi- 
tion AOB where the cords leave the wheel and the axle at 
right angles to the lever. By this arrangement, therefore, 
a lever always occupies the position ACB, and by Art. 255, 
P-AC = W-BC. That is, power x radius of wheel = weight 
X radius of axle. And since the circumferences of circles 
are proportional to their radii, if C denote the circum- 
ference of the wheel, and c that of the axle, P*C = W'c. 

The same results may be obtained from Art. 135 by sup- 
posing the instrument to be m uniform motion. In one turn 
the power descends through a space C, and the weight ascends 
through c, therefore by Art. 135 P-C = W*c. 

273. The wheel and axle assumes many different forms. 
Instead of a wheel, the power is frequently applied to a 
handle, the extremity of which describes a circle. The tmnch 
and the vrntdlasa are examples. The capstan used in ships 
has its axis vertical, and the power is the sum of the forces 
with which the men push at the ends of handles inserted 
into the axle. 

274. The mechanical advantage of the wheel and axle 

W C 

= ^ = — • We can consequently increase the mechanical 

advantage by making the wheel larger or the axle smaller. 
This can only be done within certain limits, or the Tnnr\i\r\s^ 
will become too unwieldy or too weak. By the following 
arrangement the mechanical advantage may be increased 
indefinitely : — 

k2 
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Differential Wheel 
and Axle, — The axle 
consists of two cylin- 
ders of different dia-' 
meters, and the power 
is applied at the ex- 
tremity of a handle. 
The rope is coiled 
round one of the 
cylinders of the axle, 
then is passed round 
a pulley from which 
the weight hangs, and is then coiled in an opposite direc- 
tion round the other portion of the axle. Let c, c' be the 
circumferences of the two parts of the axle, and C the 
circumference of the circle described by the power. In one 
turn the work done by the power is P-C. The portion of 
the cord suspended from the axle is shortened in one turn 
by a length c, and lengthened by a length c', and therefore 
on the whole it is shortened by a length c - c*. The pulley 

c — c' 
and the weights are consequently raised through (see 

c-c 
Art. 299). Therefore (Art. 135) PC = W . 

The two circumferences c and c' may be made as nearly 
equal as we please, and consequently the mechanical advan- 
tage may be increased without limit. 

275. Toothed WheeU, — ^Toothed wheels are very largely 
employed in machine work, but the consideration of their 
construction, the form of their teeth, and their combination, 
belongs to practical mechanics. When the teeth on the 
circumference of one wheel work into those of another^ the 
wheels having equal axles, and the number of teeth in each 
being proportional to the circumference of the wheel, we can 
apply the rule for the wheel and axle. If there be equi- 
librium in this case, and if the wheel to which P is attached 
be called the power-wheel, and that to which W is attached 
the weight-wheel, then P x N® of teeth in circumference of 
Power-wheel = W x N® in Weight-wheeL 

276. ComMnation of Wheels a/nd Axles. — ^A number of 
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toothed- wheels or wheels aaid axles connected by bands may 
be combined so as to form one system. The ratio between 
the Power and Weight whezi there is equilibrium is expressed 
by an equation similar to that of Art. 258. 

The Inclined Plane. 

277. The Inclined Plane is a rigid plane inclined to the 
horizon. The Power and the Weight are supposed to act in 
the same vertical plane passing through the inclined plane. 
The section made by the vertical plane is a right angled 
triangle, whose hypotenuse is called the length of the in- 
clined plane, the perpendicular the height, and the horizontal 
side the base. The inclination of the inclined plane is the 
angle which it makes with the horizon. This angle may be 
expressed in degrees, or in terms of the ratio of the height to 
the length. Thus, a plane rising i in 2 is one whose 
height : length : : i : 2 ; and therefore its inclination is 30°. 

278. When a body is supported on a smooth inclined 
plane by a power, the three forces acting on the C. G. of the 
body are in equilibrium. These three forces are the power, 
the weight of the body, and the reaction of the plane. The 
relations between these forces may be determined by Art. 174. 

There are three cases usually considered : — (i) when the 
Power acts parallel to the length (Fig i) ; (2) when it acts 
parallel to the base (Fig 2) ; (3) when it makes a given 
angle with the perpendicular to the plane (Fig 3). Let in 
each case P denote the power, W the weight, and R the 
reaction. In Fig 3, let i be the inclination, and Q the angle 
which the direction of P makes with that of R. 



Fig. 2. 
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279. jy the power acta pa/rallel to the length take (Fig. i) 
BC'ssBC, draw CA' at right angles to AB and produce 
BO to A'. Then the triangle BOA' has its sides respectively 
equal to those of BOA. But the sides of BOA' are parallel 
respectively to the directions of the forces P, W, R, therefore, 
(Art. 174), 

P : W : R : : BC : A'B : A'C 

: : BC : AB : AC. 

That is if the perpendicvla/r be taken to represent the power, 
the length represents the weight, and the base the pressure 
on the plane ; or 

P : W : R : : Perpendicular : Length : Base. 

' 280. If the power is pa/rallel to tJie hose, then (Fig. 2) the 
sides of the triangle BOA are respectively at right angles 
to the forces, therefore (Art. 175), 

P:W;R::BC:AC:AB 

: : Perpd. : Base : Length. 

281. If the Power a^ta as in Fig, 3. — Take any point M 
in the line OP, and draw MN vertically, meeting at N the 
perpendicular to the plane produced through O. Then (Art. 

174), 

P : W : R : : CM : MN : ON 

: : sin ONM : sin MON : sin OMN 

: : sin i : sin d : sin (Q — i), 

282. All the foregoing relations may be obtained by 
resolving the forces along the plane and at right angles, and 
equating the results to zero. (See Art. 211). 

They may also be obtained by the Principle of Work. In 
Fig. I, Art. 278, while the power moves through the length 
of the plane the weight is lifted against gravity through 
the height of the plane, therefore (Art. 135) P x length 
= W X height /. P : W : : height : length. Similarly the other 
relations may be established. 
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283. When two bodies support each other on two inclined 
planes of equal height, thej are 
to one anoUier as the lengths of 
the planes on which thej rest. 
Let P and Q be the weights, and 
T the tension of the string. Then 
(Art. 279), 




T = P-^, and T = Q^ 






P- V = Q'l 



P : Q : : 2 : Z'. 

The Wedge. 

284. The Wedge is a triangular prism used for cleaving 
or separating bodies. It is forced between the bodies by 
blows applied to the back. The wedge may therefore be 
regarded as a movable double inclined plane, where the 
power acts parallel to the common base. Any investigation 
of the action of the instrument as a movable inclined plane 
would, however, have very little practical value. The forces 
applied are usually impacts, and the friction is enoimous. 

The principle of the wed^e is employed in many familiar 
instruments, such as knives, chisels, nails, and boring and 
cutting instruments generally. 

The Screw. 

285. The Screw is a cylinder surrounded by a uniform 
spiral projecting thread. The cylinder fits 

into a cylindrical aperture in a block called 
the nut, on the inner surface of which is cut 
a spiral groove corresponding to the thread 
of the screw. The cylinder, when placed in 
the block, can only move forwards or back- 
wards by turning on its axis, the thread of 
the screw working in the groove of the nut. 
The form of the thread varies in different 
screws. Its thickness is usually disregarded 
in calculations relating to the instrument. 
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286. The thread may be regarded as a 
continuous inclined plane wrapped round the 
cylinder ; or it may be considered as a series 
of inclined planes, each having for its base 
the circumference of the cylinder, and for its 
height the distance between two threads. 
This may be made clear by drawing on 
paper a rectangle, dividing its length into 
equal parts, and tracing the parallel lines as 
in the figure. If the paper be now wrapped 
round a cylinder whose circumference is equal 
to the breadth of the rectangle, the parallel 
lines will be seen to form a continuous spiral round th(^ 
cylinder. 

287. The force applied to a screw acts in a plane at light 
angles to the axis of the cylinder, and is therefore parallel 
to the bases of the inclined planes surrounding the cylinder. 
If we suppose the power to act at the circumference of the 
cylinder, and if we call the power P', the resistance W, the 
circumference of the cylinder c, and the distance between 

two threads d, then (Art. 280), P' : W : : c^ : c .'. P' = W- • 

But the power is usually applied at the extremity of a lever 
(Art. 286). Let P be this power and C the circumference 
which the extremity describes. Then P : P' : : c : C .'. P = 

T'-^, Substituting the value of P' in preceding equation. 

d c 
Then P = W— ^^ .'. PC = Wd. That is, Power x circum- 

C vy 

ference of circle described by power = Resistance x distance be- 
tween two threads. 

288. The same equation may be obtained more easily and 
satisfactorily by the Principle of Work. Let the machine 
be moving uniformly, then the power and resistance are in 
equilibrium. Let P be the power and C the circumference 
described in one turn, let W be the resistance and d the 
distance between two threads. Then in one turn P moves 
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through a distance C, and W a distance d ; therefore, (Art. 
135), PC = W'd. 

289. The power of the screw may be increased by increas- 
ing the length of the lever or 
diminishing the interval be- 
tween the threads. It will, 
however, be readily seen that 
neither of these methods can be 
employed beyond certain limits. 

Hunter's Screw or the Dif- 
ferential Screw is constructed 
on the same principle as the 
Differential Axle (Art. 274). 
It consists of two screws A ^ 
and B of different diameters. ^ 
A, which works in a nut C, 
has a hollow screw inside, in 
which the screw B works. To 
the lower extremity of B is 
attached a plate, which by means of guides is allowed only 
to move up or down. When the handle is turned once 
round, the screw A moves downwards through a distance 
equal to the interval between two of its adjacent threads, 
while the screw B, which works in A, moves upwards through 
the interval of two of its threads. If the distances were equal, 
the plate attached to B would remain at the same height, 
but if the threads of B are nearer to each other than those 
of A, the distance that the plate moves downwards in one 
turn is the difference of the intervals of A and B. If o? be 
the interval of the threads of A, and d' of B, and if C be* the 
circumference of the circle described by the power in one 
turn, then (Art. 135) P-C = W(c?-rf'). 

The interval (d — d) may be made as small as we please, 
and thus the mechanical advantage may be increased without 
limit. Of course this increase of the mechanical advantage 
is gained in this as in every other case by a loss in time. 
If the ratio of "W to P is increased, the distance through 
which "W moves compared with that through which P moves- 
is diminished in the same ratio. 
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The Pulley. 

290. The pulley is a small wheel having a groove in its 
circumference, round which is passed a cord. The wheel 
turns on an axis supported in a frame called the block. 
When the cord is moved the wheel turns with it, and thus 
friction is to a great extent avoided. The action of the 
instrument depends on the tension transmitted hj the cord 
and not on the wheel, whose use is merely to lessen the 
friction. 



291. "With a fixed pulley F no ^ 
ichanical advantaae is trained. It ^ 




mechanical advantage is gained 
merely serves to alter the direction 
in which the force acts. With a 
movable pulley a mechanical advan- 
tage is gained. If we neglect friction, 
the tension of the string throughout 
is the same. In the Fig. this tension 
is P. If the two parts of the string 
on each side of the movable pulley 
be parallel, M and W are supported 
by two tensions each equal to P, and 
therefore (Art 1 85) M + W=2P. If 
the weight of M be neglected, W=2P. Therefore the 
mechanical advantage is 2. 

292. If the strings be not 
parallel the relation between 
W and P when in equili- 
brium is found by resolving 
the tensions vertically. If 
the angle between the two 
parts of the string be 2 a, 
then W=r 2P COS. a. 

The relations between P 
and W when in equilibrium 
may be readily determined in this way for any arrangement 
of pulleys. 




293' System of Pulleys with a eiiigle string. 

Supposing the pttrta of the „ 
«tring are parallel and neglect- ^^ 
iug the weights of the puUeya ; 
then, since the tension is the 
Rame throughout the same 
string, each movable pulley is 
supported by two tensions each 
equal to the power P. There- 
fore twice the namber of mov- 
able pulleys multiplied by 
P=W. If n= number of 
movable puUeya, W= P x an. 

If the weights of the mov- 
able pulleys are to be taken 
into account, aad that the sum 
of their weights is to, then 
W + w=T?x2n. SothatW 
will be less thau before by lo. 

294. Systems ofPiiUeys toith 
separate strings. 

(i.) Where each ptiUey liungs Qw 
by a separate cord attached to 

a fixed support. — Let the power be P, ajid let the weights of 
the pulleys be neglected. Then, bm iu Art. 291, the first 
movable pulley is pulled upwards by two tensions each 
equal to P, and therefore the tension under the first movable 
pulley is 2 P. The second pulley is pulled upwards by two 
tensions each 2P, therefore the tension under the second is 
4P. Similarly under the third it is 8P. Therefore when 
(jhei« are three movable pulleys W = 8P. If n be the num- 
ber of movable pulleys, the successive tensions under rst, 
2nd, .... nth pulley are 2P, 2»P, 2'P, 2*P . . . . 2°P ; 
therefore W = P. 2°. 

If the weights of the pulleys are to be taken into account, 
we determine the successive tensions by doubling the tension 
above each pulley and subtracting the weight of tlie pulley. 
A general expression for the relation between W and P cp 
ix readily obtained, but the student is recommended 




188 



DYNAMICS. 



work each exercise by first principles and not by any formula. 
Thus if there are 4 movable pulleys each of which weighs- 
I lb., and that a power of 10 lbs. is applied, the successive 
tensions under each movable pulley are 2xio-is=-.i9; 
2x19-1=37; 2x37-1 = 73; 2x73-1 = 145. There- 
fore "W'=i45lbs. 

Similarly we can obtain the power if the weights be given 
by reversing the above process. If W = i45lbs., then the 

tensions above each pulley are 



-^ = 73 

2 



^^=37; 



ttCT^ 



37±i ^ 19 . li+i ^ 10^ Therefore P = 10 lbs. 



295- (2.) Where each 
Pulley is supported by 
three tensions. 

Here if the weights 
of the pulleys are ne- 
glected, the successive 
tensions under the pul- 
leys are 3P, 9P, 2 7P, &c. 
If n be the number of 
movable pulleys, then 
the tensions are P. 3; 

Jr.3 } *• '3 • • • • •*^^*3 • 
Therefore W = P. 3°. 

We may take account 

of the weights of the 

pulleys precisely as in 

the last Art. And if 

W be given, P may be 

determined by reversing 

the foregoing process. 




£ 






A 



ri 



6 
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296. (3.) Where ea>ch string is attached to the weight. 

Here the weight is equal to the sum of the tensions sup-^ 
porting it. If there be n pulleys and P be the power, these 
tensions are P, 2P, 4P, 8P, &c. Therefore, W=P(i+2 + 

22+2* . . . 2°-l) = P(2°-l). 

If the weights of the pulleys be each ilb, and that there 
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Are three pulleys and a power of lo lbs., then the tensioiu 

supporting the weight are ro lbs. ; a x lo + 

I = 21 lbs.; ax 21 + 1=43 lbs. There- — jm ^ 

fore W = lo + a 1 + 43 = 74 lbs, 

297. The pressure on the beam or fixed 
support is in all cases equal to the sum of 
the tensions of the strings or ties connected 
with the fixed support 

298. The relation between P and W 
may be determined in a similar way in any 
system of pulleys. For instance in the 
annexed an-angement, by determining the 
tensions supporting W, wo find that, 
neglecting the weights of the pulleys, 
W = 4P. 

299. All of the fore^ing relations may 
be readily obtained by the Principle of 
"Work. If a movable pulley M be raised 
to the position M' through any height d, it 
is evident that P must move through double 
the distance d in order to keep the string 
stretched. Hence, if the machine be utoving 
unifi.nnly,W-ii = P-2rf. Theiefore W = aP, 
as in Art. 291. 

Similarly if the Principle of Work be 
applied to any of the foregoing systems 
of pulleys, the relations that have already X 

been demonstrated can be easily obtained. J-. 

Examples. 

I. A bodj' whose true weight U 9| IbB. appears Ui weigh 9 lbs. in one 
tcaie of a false balance : — 

( a). What will it appear to weigh in the other scale ? 

(b). What is the ratio of the lengths of the arms I 

{c). How may tbe true weight of ■ bodj be found with this balance? 

(a). The arniB are aa 9} : g, or aa ig ; 18, therefore the appaieot wdght 
in the other scale =HJli2= lOAliH. 
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3. A single movable pulley is supported by a cord, one end of which is- 
fastened to a beam, and the other end pass^ over a fixed pulley attached 
to the same beam. A man whose weight is z6o lbs. places himself in a 
basket attached to the movable pulley, and taking hold of the free end of 
the cord, pulls himself upward. Neglecting friction and the weight of the 
basket and pulley, and supposing the cords parallel, determine the force 
he exerts when there is equilibrium. 

When in equilibrium his weight is supported by three tensions, each 
equal to the force with which he pulls. Therefore ^^ = 53J lbs., the force 
exerted. 

3. A weight of 50 lbs. is supported on an inclined plane by a power of 
30 lbs. acting parallel to the length. The height of the plane is 6 feet : 
what is the length, and what is the pressure upon it ? By Art. 279, 
30 : 50 : : 6 : length .'. length = 10 f eet .*. base = 8 ft. And 30 : Pressure 
on plane : 6 : 8 .*. Pressure = 40 lbs. 

4. A power of zo lbs. is applied at the extremity of a lever 5 inches 
long, which works a screw containing 4 threads to the inch : with what 
force will the screw be urged ? 

Art. 287, w=?-C=!£iii£21J:i£li^= 1256-636 lbs. 

d i 

5. If the force required to overcome friction on an ordinary road be 
^th the load, and that required on a tram-line be n^th of the load, what 
force will be required in each case to ascend an incline of i in 10 ? 

The friction on the incline is supposed to be the same as that on the 
level road ; therefore as the incline rises i in 10, ^th of the load in each 
case is added to the force required on the level road (Art. 279). There- 
fore — 

rir + ^=ttli load = force required on the inclined ordinary road ; and 
^^ + t'o=^^th of load = force required on tram-line ascent. 

It will be seen that in each case the incline adds the same fraction of the 
load ; but this fraction bears a much less ratio to the original force in the 
former case than in the latter. The force required to make the ascent on 
the ordinary road is in this instance only double the original force ; on the 
tram-line it is twenty-one times as great. Hence the gradients on tram- 
lines should be much less than those on ordinary roads. 

For Examples upon Pulleys see Arts. 294 -296. 



Exerciser. 

X. Show that the wheel and axle may be regarded as a system of 
levers ; and from the rule which expresses the relation between the power 
and weight in the lever deduce the rule for the wheel and axle. 

2. With a balance whose arms are unequal the true weight of a body 
may be found : (a) by an experimental method ; (6) by a method partly 
experimental and partly theoretical. Explain each mode, and give the 
demonstration of the latter 
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3. Two inchned planes whose lengths are 15 feet and 20 feet respec- 
tively have a common height. A weight P on one of the planes supports 
a weight Q on the other by means of a cord which passes over the 
common vertex of the planes : state and prove the ratio between P and Q. 

4. Describe the common steelyard and the Danish steelyard. Show 
how each is graduated. 

5. Two men of the same height bear a cask, whose weight is i cwt.^ 
suspended from a pole which rests on their shoulders. The cask bangs 
from a point distant 4 feet from one of the men, and 5 feet from the 
other : find the weight borne by each. 

6. Two weights of 12 lbs. and 18 lbs. ore attached to the extremities of 
a rod 10 feet long : where must a fulcrum be placed in order that the 
weights may equilibrate each other ? 

7. To which of the three kinds of levers do the following instruments 
respectively belong? Assign in each case the reason for your classification .* 
— The oar of a boat ; the handle of a pump ; a crowbar ; a wheelbarrow ; a 
balance ; a pair of tongs ; a pair of scissors. Point out an example of each 
of the three kinds of levers in the human body. 

8. Sketch a system of pulleys with a single cord and having four 
movable pulleys. Find the power which will sustain by means of thia 
system a weight of z6o lbs. : (a) When the weights of the pulleys are 
neglected; (6) When the weights are taken into account, each pulle}' 
weighing I lb. 

9. Sketch a system of pulleys with three movable pulleys, each having 
a separate cord, the end of which is attached to a beam. Find the power 
which will sustain by means of this system a weight of 100 lbs. : (a) 
When the weights of the f uUeys are neglected ; (6) When the weights are 
taken into account, each pulley weighing i lb. 

10. In a system of pulleys with one cord, a power of 6 lbs. supports a 
weight of 48 lbs. : Find the number of pulleys. 

11. A weight is placed on an inclined plane whose inclination is », and 
is kept at rest by a force which makes an angle 9 with the perpendicular to- 
the plane. Investigate the relation between the power, tlie weight, and 
the pressure on the plane. 

12. In a system of pulleys when there are n cords, each of which is 
attached to the weight, state and prove the formula which expresses the 
relation between the power and weight when in equilibrium 

19. On an inclined plane whose length is 10 feet and height 6 feet a 
weight of 112 lbs. is kept in equilibrium by a power acting parallel to th& 
base. Determine this power and the pressure on the plane. 

14. The arms of a false balance are 11 and 12 inches respectively, and 
the shopkeeper always places the weights in the scales attached to the 
longer arm. Does he gain or lose by so doing in selling his goods, and 
how much in every cwt. he sells ? 

15. With a single movable pulley the power and weight are in equi- 
librinnL What is the relation between them ? Give the reasons for 
your answer. 

16. Draw a sketch of any system of pulleys containing three mova^^ 
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pulleya, each of which has a separate cord, and determine the weight that 
woold be supported with this system bj a power of 20 lbs. 

17. In the foregoing arrangement if the weight be raised through i ft., 
through what space will the power move ? 

18. Explain wbj in a well constructed balance : (a) The point of sus- 
pension should not coincide with the centre of gravity of the balance ; 
(fi) The point of suspension should not be below the centre of gravity ; 
(c) The fulcrum should be a knife edge. 

19. A pair of scales has one arm longer than the other. A body whose 
true weight is iz lbs. appears to weigh only 10 lbs. when placed in one of 
the scales. What will be its apparent weight when placed in the other 
«cale? 

lo. A bar it feet long has a weight of 4 lbs. suspended from one 
extremity, 10 lbs. from the other extremity, and 6 lbs. from the middle 
point. Neglecting the weight of the bar, find the point on which it will 
balance. 

21. A body whose true weight is 20 ozs. appears to weigh 24 ozs. in 
one scale of a false balance. What will be its apparent weight when 
placed in the other scale ? 

22. In a steelyard the counterpoise is i lb. and the beam and scale pan 
weigh 2 lbs. llie fulcrum is 4 inches from the point of suspension of 
Hcale pan, and i inch from the C. G. of beam and scale pan, and lies 
between these points. Find the portion of the counterpoise when a 
weight of 6 lbs. is placed in the scale pan. 

23. A straight uniform bar whose weight is 10 lbs. and length 6 feet 
has a weight of 8 lbs. attached to one extremity, and balances on a 
fulcrum near this end. What is the position of the fulcrum and what is 
the pressure upon it? 

24. A beam whose length is 10 feet balances on a point 2 feet from the 
thicker end; but when a '.'/eight of 120 lbs. is attached to the other 
extremity, it balances on a point 2 feet from that end. What is the 
weight of the beam ? 

25. If the force required on a railroad to overcome friction and the 
resistance of the air be 10 lbs per ton, what force will be required to move 
a train weighing 100 tons : (a) On the level portion of the line ; (6) On 
an incline of i in 100 ? 

26. If a horse has to exert a force equal to ^th the load to draw a 
cart along the level road, what force will he have to exert in going up an 
incline of z in 10 with a load of one ton, the friction being the same ? 

27. Explain why the gradients on railroads should always be much 
less than those on ordinary roads. 

28. A wheel and axle is working uniformly, and the power is observed 
to descend zo feet while the weight, which is z ton, rises three inches. 
Find the power. 

29. What is the mechanical advantage in a combination of three levers 
whose arms are as 4 : z, 7 : 2, and 5:2? 

30. The arms of a false balance are to each other as 7 to 8, and the 
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weight ifl pat into one scale as often as the other: what will be the 
gain or loss per cwt. to the seller ? 

3Z. A windlass whose axle is li ft. in circumference is worked by a 
handle at the end of which a man poshes with a force of iio lbs. : what 
weight will he support, the end of the handle describing a circle of is 
feet? 

32. A plane rises 7 in 15 : what force parallel to the length, and 
what force parallel to the base will support a weight of a ton ? 

33. A power of 10 lbs. acting parallel to the length of a plane supports 
a weight of i6| lbs. : what is the ratio of the height to the length ? 

33. Two inclined planes which are respectively 2$, and 15 inches in 
length, and are of the same height, are placed back to back. A weight of 
xoo lbs rests on the longer plane, and is connected by a string passing 
«ver a pulley at the common vertex with a weight resting on the shorter 
plane. If there be equilibrium find the weight on the shorter. 

35. The circumference of a screw is .15 inches, and the distance between 
the threads ^ inch : what force at the circumference will overcome a 
Ji resistance of zoo lbs ? 

36. What power will be required, acting at the end of an arm 5 feet 
long, to produce a pressure of half a ton with a screw the threads of which 
^re half an inch apart ? 

37 What is the mechanical advantage of a screw ? 

38 A wheel and axle is used to raise a bucket from a well. The 
radius of the wheel is 15 inches, and while it makes 7 revolutions the 
bucket, which weighs 30 lbs., rises 5^ feet: what force is required to 
turn the wheel ? (Diameter : circumference : : 7 : zi). 

39. A weight of iiz lbs. attached to one end of a cord which is passed 
round a fixed pulley, is sustained in equilibrium by a man standing on the 
;^ound and pulling the other end of the cord. If the weight of the man 
be 168 lbs., what is his pressure on the ground? 

40. In the foregoing case what is the strain on the beam supporting the 
axed pulley? 

41. If in question 39 the weight were attached to a system of three 
movable pulleys, each of which hangs by a separate cord the end of which 
is attached to a beam, and that the man pulled the cord passing round the 
first movable pulley, what would be his pressure on the ground ? 

42. If in the last case each pulley weighed 2 lbs., what would be the 
man's pressure on the ground ? 

43. In a system of pulleys with one string when there are 4 movable 
pulleys, what weight will a force of 50 lbs. support ? 

44. If in the preceding case the weight of the block with the movable 
pulleys be 4 lbs, what force would be required to support i cwt. ? 

45. In a system of three movable pulleys each of which is sustained by 
three tensions, what force will be required to sustain a weight of 135 lbs. ? 

46. What is the mechanical advantage in the preceding case ? 

47. If the pulleys of question 45 are each 3 lbs. weight, what weight 
will a power of 20 lbs. sustain ? 

48. Ten weights, each of 20 lbs., are to be lifted to a height of 8 feet 

O 
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from the ground. Show how a system of pulleys might be arranged so 
that, disregarding friction and the weight of the pulleys, all the weights 
could be lifted together by exerting a force equal to one of them. Show 
that the distance through which tUs force would have to act would be the 
same as when the weights were raised one by one by the same power. 

49. In the system of pulleys in which each string is attached to the 
weight, each pulley weighs 3^ ozs. Find the weight which will be sup- 
ported by the pulleys alone when there are five movable pull^ ? 

50. Two levers form a combination. The arms of the first are 12 ft. 
and I ft , and of the second are 25 ft. and 2 ft. A weight of 150 lbs. 
is attached to the shorter arm of the latter : what power acting at the 
longer arm of the first lever will equilibrate this weight ? 

51. Twelve men, each exerting a force of 42 lbs., work a capstan with a 
length of lever of 7^ feet, the radius of the capstan being 1} feet : what 
we'ght can they support ? 

52 A lever 8 feet long rests with one end on a fulcrum, and at the 
other a force P acts vertically upwards. ' A weight of 40 lbs. is suspended 
from a point 3 feet from the fulcrum. Find the force F and the pressure 
oil the fulcrum. 

53. In rowing a boat if the oar be 12 feet long and the rowlock 3 feet 
from the part grasped by the hand, what resistance will be equilibrated by 
a pull of 30 lbs ? 

54 In a windlass the thickness of the rope coiled round the axle is 
X inch, and the resistance may be supposed to act along the centre of the 
curd. The arm of the power is 36 inches, and the radius of the axle is 3 
inches : what weight will be supported by a power of Z20 lbs. ? 

55. A screw has 150 threads in i ft. : what force acting at the end of 
an arm 6 feet long will balance a resistance of 1 ton ? 

56. In a combination of four wheels and axles, the circumference of 
eat h wheel is five timen that of the axle: what weight will be supported 
by a power of 3 lbs ? 

^^7, With a differential wheel and axle a power of 50 lbs. describes a 
cirrumference of 10 feet, and the circumferences of the two parts of the 
»x e are respectively i ft and *9 ft. : what weight will be sustained? 

58. If in the preceding case the weight is raised one inch, through what 
<iistance must the power descend ? 
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[*] CHAPTER XVII. 
FRICTION. 

300. Up to the present in considering the reactions be- 
tween bodies, their surfaces have been regarded as perfectly 
smooth. The only reactions possible between such bodies 
are in directions at right angles to the surfaces in contact. 
If we press a pencil perpendicularly on a plate of polished 
glass, the reaction of the surface will counteract the pressure, 
and the pencil will remain at rest. A very slight obliquity 
can also be given to the pencil without motion taking place, 
because the surfaces are not perfectly smooth. If the pencil 
be pressed on a rougher surface a greater inclination can be 
given to it before it slides. Thus, when one rough body is 
caused to move over another, a certain force is required to 
overcome the roughnesses of the surfaces in contact. The 
force which opposes the motion of one rough body upon 
another is called friction. 

301. Angle of Friction, — On the 
fixed horizontal plane EF let a slab 
A be placed ; then the weight of A 
is counteracted by the reaction of 
the fixed plane. Let a force act 
vertically downwards on A, this ^ 
is also met by the reaction of the plane. No motion is pro- 
duced in either case, and no friction is called into action 
between the surfaces of A and EF, whether these surfaces 
are rough or smooth. But if a force SO act obliquely on A, 
this force is equivalent to RO acting vertically, and SR 
horizontally. The former is counteracted by the reaction of 
the plane, the latter tends to move A along the plane towards 
E. This component is opposed by the friction of the sur- 
faces, which acts in the opposite direction, and which may 
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prevent sliding. If, however, the pressure on A be made 
more oblique, the hoi^zontal component becomes greater, 
and may at last become equal to the friction, and then 
motion is on the point of taking place. Let PO represent 
the force acting at this degree of obliquity, then the hori- 
zcmtal force PR' is equal and opposite to the friction, and 
the angle of obliquity. R'OP is called the Angle of Friction. 
In what follows this angle will be denoted by the symbol 0. 

302. If in the &g. of the preceding Art. OR' be the 
pressure at right angles to the surfaces, and R'P the friction, 
the line OP will represent in magnitude and direction the 
resultant of the reactions between the rough surfaces in 
contact. 

303. Statical Friction, — Diffei-ent forces of friction are, 
therefore, called into exercise between two surfaces by 
different inclinations of the same pressure, and when the 
pressure has an obliquity equal to the angle of friction, the 
greatest amount of friction with that pressure is produced. 
This maximum value of the force which opposes sliding 
when motion is on the point of taking place is called the 
statical friction. It is always the same for the same two 
surfaces, if the pressure remain unaltered, but it varies witn 
the pressure. 

304. Kinetic Friction, — ^When one surface slides ovc 
another a force of friction opposes the motion. It remains 
constant for the same surfaces with the same pressure, and 
is independent of the velocity. This is sliding friction. 
Its amount is always less than the statical friction for the 
same substances and the same pressure. 

When one surface rolls on another, as, for instance, when 
a wheel rolls on a plane, or an axle on its bearing, the 
friction is foimd to follow the same laws as sliding friction, 
but its amount is less than the latter for the same surfaces 
with the same pressure. 

305. Laws of Friction, — ^The following laws have been 
determined by experiment : — 

(i.) For the same surfaces the friction is proportional to the 
normal pressure. 
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(2.) For tke same pressure the friction is independent of 
the extent of the surfaces in contact 

(3.) The friction between different bodies is different, 

(4.) The friction increases tvith the duration of the contact 
up to a certain time which is different for different bodies, after 
which it becomes constant. 

These laws apply to both statical and kinetic friction. 
For the friction of motion the following law in addition has 
been established : — 

(5.) Kinetic friction is independent of the veHodty, 

306. These laws were established by Coulomb by means 
of the following arrangement : — 

TT is a table upon the top 
of which a block A A of any 
material may be placed, BB 
is a block or slab of any 
substance resting upon AA, 
and fastened firmly to BB is /v 
a box C which can hold any ^^ 
weight W. To BB is attached 
a cord which passes over a 

pulley on the edge of the table, and which has attached to 
its extremity a scale pan in which weights may be placed. 
Different bodies can be readily placed in the positions of AA 
and BB ; the weights in the box, and the weight of the box 
and block BB form the pressiire, which can be varied at will, 
and the weight P represents the friction for any pressure, 

307. The laws of friction, deduced from experiments with 
some arrangement such as that of the preceding Art., are 
true only within certain limits. For instance, in the case of 
the first law, the pressure must not be so great as to alter the 
j)hysical state of the bodies. The second law again does not 
hold if either surfaces be diminished to a physical line or point. 

By normal pressure is meant the pressure at right angles 
to the surfaces if they are plane, and if one or both are 
curved the pressure at right angles to the tangent plane at 
the point of contact of the two surfaces. 

308. Coefficient of Friction. — By the first law of friction 
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the ratio of the friction to the normal pressure is constant 
for the same two bodies. This ratio is called the coefficient 
of friction. It has been agreed to denote it by the symbol 
fi. The value of jj. with the same stu^aces is the same for 
all pressures, but of course p, is different for different sur- 
faces. If F denote the maximum friction between two 

bodies, and R the normal pressure, then _ = ^ = coefficient 

of friction. 

Thus if /I be known for any two bodies, and also the normal 
pressure R, the friction F is given by the equation, F = /iR. 

309. Bdation between the Coefficient of Friction and the 
Angle of Friction. — The coefficient of friction is equal to the 
tangent of the angle of fiiction. 

Let PO be a pressure acting at 
an obliquity equal to the angle 
of friction ; then motion is on the 
point of taking place, and the angle 
FOB = 0. PO may be resolved into E 
BO, the normal pressure = R, andPB, the friction = F. Hence, 

,__« = _- = tan <p. But (Art. 308), — = fi; therefore /i = 
BO R R 

tan 0. 

Hence if the angle of friction be determined as in Art. 
301, the tangent of this angle gives the coefficient of fric- 
tion ; and if the coefficient of friction be found by experi- 
ment as in Art. 306, the angle whose tangent is fi is the 
angle of friction. 

310. The angle of friction for two bodies may also be 
determined as follows : — 

A plane surface of one of 
the bodies A is placed on a 
plane surface of the other 
body, and this latter is tilted 
to such an inclination i with 
the horizontal plane that A is just on the point of sliding 
down. The angle i is then the angle of friction. Let the 
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weight of the body A be W, then A is kept at rest by three 
forces, the friction = fiR acting up the plane, R the pressure 
at right angles to the plane, and W acting vertically. 
Resolving along the plane and at right angles, then (Art. 

2Il) — 

F- W sin t=o 
R — W cos I = o 

F 

.-. »- = tan i. 

R 

F 

But — . = tan <p (Art. 309) .'.1=0; that is the inclination is 

R 

equal to the angle of friction. 

By this means we can readily determine the angle of 
friction for any two substances, and by taking the tangent of 
this angle we have the coefficientof frictionforthe same bodies. 

811. The coefficient of friction has been determined in 
this and other ways for a great number of bodies. The 
value of fi for statical friction has been found for stone on 
stone to vary from '8 to -6 ; for wood on wood '6 to '4 ; for 
metals on metals '25 to -15 j and for wood on metals -6 to -3. 
The value of fi for any two surfaces is found to be much 
diminished by smearing the surfaces with grease. As stated 
in the fourth of the laws of friction the value of /i also 
depends upon the duration of contact of the surfaces. In 
the case of metals the maximum value of fx is reached in a 
few seconds, with woods in one or two minutes, and with 
wood and metal in a few days. 

312. Friction is a resisting force which always opposes 
motion. Friction, therefore, always helps the weaker force. 
In the case of statical friction its direction and amount for 
the state bordering on motion can be determined in the 
ways that have been explained, and it is this mairiimiin 
value of the resisting force that is called the friction. If for 
instance a block whose weight is W rest on a horizontal 
table and be pulled by a horizontal force P, then, when the 
block is on the point of moving, the force of friction F 
acting in the opposite direction, is the maximum friction, 
and by Art. 308 its value is /iW. P in this case = F = /nW- 

If W is in motion under the influence of a force P', +' 
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F tbe kinetic friction is equal to /iW ; but /i has a less 
value than in the previous case. The force maintaining 
motion is in this case P' — /xW, and as this force is measured 
by its momentum in the unit of time /. P' — /xW=wi/; where 
m is the mass of the body moved and /the acceleration. 

313. Acceleration on a Rough Inclined Plane. — Let a 
body whose weight is W be sliding down a rough inclined 
plane the inclination of which is i, it is required to find the 
acceleration. Let /x = the coefficient of kinetic friction. 
Resolve W along the plane and at right angles. The com- 
ponent down the plane is W sin i, and at right angles is 
W cos 1 = R. As the body is moving down the plane the 
friction acts up the plane, and is = /iR = /x W cos i. The 
resultant force down the plane is therefore W sin i— 
fiW cos i. 

By Art. 78 the acceleration produced by the force is 
given by the proportion 

W : W (sin i-~ p. cos i) ''. g :/ 
:.f^g (sin t— /i cos %) 

— ^which is the acceleration down the plane. 

Similarly if the body were moving up the plan/e it may be 
shown that the acceleration downwa/rds is g (sin i + fi cos i). 

Thus problems relating to motion on rough inclined planes 
may be solved by the equations of Art. 14 by writing g 
(sin i- fi cos t), or g (sin i-\-fx cos t), for g. (See Art. 43 ). 

Friction in the Simple Machines. 

314. In considering the effects of friction in the mechani- 
cal powers, we may consider these machines at rest in 
equilibrium under the forces acting on them, of which fric- 
tion is one ; or we may consider the machines in motion and 
doing work, and we may proceed to determine the amount 
of the work which is done against friction. We now pro- 
ceed to examine the action of some of the simple machines, 
taking friction into account. 

315. The Lever with Friction. — A lever may have a 
horizontal axle attached to it which rests in sockets or 
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bearings at each end of the axle; or the lever may be 
pierced with a hole through which passes a cylindrical axle 
on which the lever rests, and round which it works. We 
shall consider the latter case. 

Let AB be a 
bar in which a 
cylindrical hole 
is pierced, the 
section of which 
is represented 
by the larger 
circle in the 
diagram. Let O be the centre of the circle and r its radius,, 
and let a and h be the distances respectively of O from A 
and B. Let the smaller circle represent the section of the 
axle on which the lever rests, and let C be the point where 
the surfaces are in contact. Suppose P is on the point of 
producing motion in the direction of the hands of a clock. 
Then the friction F = /iR, where R is the pressure normal 
to the surfaces in contact ; and in this case R makes an angle 
= the angle of friction with the vertical through C. For 
calling this angle a and resolving vertically, then, since the 
forces are in equilibrium (Art. 214), 

R sin a - F cos a=o. 

But F=/LiE, when /n is the coefficient of friction 

.'. sin a — fc cos a = o 

tan a = /I /. a =^ ^ (Art. 309). 

Take moments round C, then 

P 6 + r sin -r> 4. • 4. ^ sin <t 
—- = ^. But smce tan = u .-. 

W a — rsm^ cos0 

.. sin0=/Lc cos 0r-— ^— ^ 



= /' 



sec V I + yu^ 



6 + 



TIX 



w 



V I + f*'^ ^ v^ I + /x^ + /Lcr 



a 



r /i 



aV 



I + fx^ — jjir 



Vi+fji 



s 
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Tf on the other hand W were on the point of overcoming 
P and producing motion in the direction opposite to that of 
the hands of a clock, then we should find in an exactly 
similar way, 

P h~r sin & V i + fi^- fir 

\V""a + rsin^"" aVT+^^ + ur 

P 

Hence the bar will be in equilibrium if the ratio ^ lies 

between these two extreme values when motion is about 
taking place in opposite directions. 

316. The Wheel and Axle with Friction, — ^The formulae 
which have been deduced for the lever may be applied to 
the wheel and axle : a denoting the radius of the wheel, h 
that of the axle, and r the radius of the shaft or axis on which 
the axle turns. 

317. The Inclined Plane 
with Friction, — ^Let i be the 
inclination of the plane, W a 
body resting on the rough 
plane and on the point of 
moving up the plane under 
the action of a force P which 
makes an angle d with the 
plane. Let B, be the pressure 
at right angles to the plane, then F = /iB* acts down the plane. 
Resolving along the plane and at right angles, and equating 
the results to zero (Art. 282), . 

P cos B - /iR - W sin i = o 
R + P sin - W cos i = o. 

Eliminating R by multiplying the first equation by /k and 
adding to the second, then 

P cos i) i- /LiP sin - W sin i—fiW cos t = o 
P _ sin t + /Li cos i 
"W~cose + /isin0* (i) 

If W were on the point of moving down the plane, then F 
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i^ould act up the plane, and we should find in a similar 
manner, 

P sin 1-/1 cos I 

W^cos»-^in0' (2) 

' 318. When the force acts parallel to the length we should 
find in exactly the same way as the foregoing 

p 

- =ssm i + fx cos i (3) 

P . . 

^ = sin 1 — /i cos 1. (4) 

It will he seen that these equations may be obtained from 
(i) and (2) of preceding Art. by putting 0=o in those 
equations. 

All these results may also be obtained by the Principle of 
Work, in the way explained in Art. 128. 

319. If the body W rest on a horizontal plane and be 
acted on by a force P inclined at an angle to the plane, 
then in a similar way we should find that when W is on the 
point of moving, 

P ft 

W ~"cGS -{■ fi sin 

It will be seen that this result can also be obtained by put- 
ting i= o in equation (i), Art. 317. 

320. To determine the most advantageous a/ngle at which 
a force may he exerted on a body placed on a horizontal 
plane. 

Let W be the weight of the body placed on a horizontal 
plane and acted on by a power P at an angle to the plane, 
it is required to determine that value of for which the 
least power will be required to move the body on the plane. 
From Art. 319, 

W li 

P = ci_ Substituting for u, its value tan <b 

cos d+flSUiO 

(Art. 309), 

p W tan _ W sin ^ _ ^ ^^ ^ 

cos d + tan sin 6 cos cos -f sin sin cos (ft - 0) 
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Now when P has its least value, 



Wsin^ 



has its least 



cos (6 — ^) 

value and therefore cos (0 - 0) its greatest value. The latter 
is greatest when — <l>=o and when consequently 0=0. 
Hence when the power acts at an angle with the plane equal 
to the angle of friction, the least power is required to move 
the body on the plane. 

In the case of an inclined plane it may be shown in the 
same way that an angle with the plane equal to the angle 
of friction is the most advantageous inclination at which a 
power can act to move a body up the plane. 

321. T/is Screw with Friction. — As shown in Art 286, 
the screw may be regarded as a series of inclined planes 
arranged round a cylmder. Each of these planes has for its 
base the circumference of the cylinder and for height the 
distance between two threads. If r be the radius of the 
cylinder, d the distance between the threads, and i the in- 
clination of the thread, then 27jr= circumference of cylinder 

ssbase of each of the planes, and = tan i. 

Let the resistance be "W, P' 
the power acting at the circum- 
ference of the cylinder parallel to 
the base, and suppose P' is on the 
point of overcoming W and the 
friction fiR. Resolving along the 
plane and at right angles to it, 
thus — 

P' cos i_^R_W sin t=o 

R— P' sin i — W cos 1=0 

/iR - fiV sin i—fjiW cos {=0 

P' cos i—fiV sin i-^W sin t— /iW cos i=o 

P^_sin t + /Lt cos i 

W cos t— /i sin i' (1) 

If the power act at the extremity of an arm R instead of 
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at the extremity of the radius of the cylinder, then calling 
this power P, 

P:F::r:E. -.?'--=??:. Substituting in (i) 

T 

P _ r sin t + ^ cos i 

W R" cos i — /I sin % (2) 

This equation may be put into a form not containing the 
functions of the angle i. Dividing the terms of the last 
fraction in (2) by cos i, then 



P r 


tan i + ii 
I — fi tan t 

^ J. 
2irr 


But tan iz — 


W R" 

P r 


2 irr 

__ r d+ fi 2 irr 


W R 


d ' 

I —11 


it 2irr^fx(i 



2icr (3) 

If c=khe circumference of the screw, and the circum- 
ference of the circle described by P, the preceding equation 
may be written 

P c d-^fic 

WC' c^^' (4) 

322. It will be seen from the foregoing investigation, 
that when a power produces motion in any machine, a part 
of the force is expended in overcoming the friction of the 
working parts of the machine. It ia consequently an object 
with mechanicians to diminish friction within certain limits 
and for this purpose many contrivances are employed. One 
of these is the substitution of rolling for sliding friction, as 
in pulleys, the w^heels of carriages, &c. But this diminution 
of friction can be carried only to a certain extent. Friction 
is essential to the working of all machines. If, for instance, 
on a railway line the rails and wheels become too smooth the 
driving wheels will revolve without propelling the train. 
Friction is an indispensable force in nature. Without it no 
oblique pressure could be sustained. Without it we could 
not walk on a horizontal plane, and we could not stand on 
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an inclined plane. Without friction a ladder could not rest 
against a wall unless a hole were made in the ground to re- 
ceive the foot ; nails and screws would have no binding 
power, and structures natural or artificial, such as mountains 
or houses, could not exist. 

Examples. 

I. A weight of iocx> lbs is placed on a rongh inclined plane- The in- 
clination of the plane to the horizon is 45^, and the coefficient of friction 

18 _— : Find the least force which wDl draw the body up the plane. 

f« = -7= = tan 30° .*. ^ = 30® (Art 31a) 
V3 

therefore the force required acts at an angle 30^ to the plane (Art. 320). 
Besolving along the plane, and at right angles ; thus, 

P cos 30**— |iR — locxj sin 45*^=0 
Psin 30** + R — ioc»cos45«=o 

Multiplying second equation by fi and adding to the first ; thus, 
P (cos 30**+/i sin 30^)= icco (sin 45°+fi cos 45®). 

.;F=iooo '^''*'l+^'"^'K =^ooo ^- ^' ^* =9961b.. nearly. 

^ Vs V2 

%, A rectangular block of cast iron rests u(.on an inclined plane of oak,, 
and is upon the point of slipping down, and also upon the point of over- 
turning. The base is z feet square, what is its height, the coefficient of 
friction being '62 ? 

Since the body is on the point of sliding, the inclination of the plane = 
angle of friction =0 (Art 310). And since the block is on the point of 
overturning, the vertical through its centre of gravity falls on the 
boundary of its base, and makes with the side of the block an angle = 
angle of inclination of the plane =0. 

2 2 

Let X = length of block, then- = tan = /x = '62 .'. «= .-^ = 3*2 feet 

3. A uniform beam whose weight is W rests with its lower end on a 
horizontal plane, and its upper against a vertical wall. If |i be the 
coefficient of friction for the beam and the plane, and fi' for the beam and 
the wall, determine the inclination of the beam to the horizontal plane 
when it is just upon the point of sliding, and the pressures upon the plane 
and the walL 



EXEBCISES. 20T 

Let 0=the inclination required, R the normal reaction of the horizontal 
plane, R' that of the wall, and let / be the length of the beam The 
forces acting on the beam when it is on the point of sliding are the weight 
W acting at the middle point, the reactions R and R' at the extremities^ 
and the frictions /aH and fi'R' acting opposite to the directions in which 
the ends are on the point of moving. 

Resolve verticaHv and horizontally and take moments roond the lower 
end (Art 214) ; thus, 

R+f«'R'-W=o (i) 

/iR-R'=o (2) 

W-coB6l-R'/8in6l-/i'R7co86l=o , . 

W fiW 
From equations (i) and (2) R = — ; >» and R' = — ; >• 

Substituting in (3) and dividing hj I cos 0, we obtain — 

^ I — Ufl' 

tanO= ^^ ' 

Exercises. 

I. The inclinations of two rough inclined planes are respectively 30°^ 
and 45*^, and a body resting on each is just on the point of sliding down. 
What is the- coefficient of friction in each case ? 

a. At what inclination to the horizon must a wooden way be laid in 
order that a block of iron may just slide down by its own weight, the 
coefficient of friction being '625 ? 

3. Find (i) What force is necessary to sustain, and (a) What force i» 
just insufficient to push a weight of 250 lbs. up a plane inclined at an 
angle of 45^ to the horizon, the direction of the force making an angle of 
30*^ with the plane, and the coefficient of friction being J. 

4. A uniform ladder is placed between a rough horizontal plane and a 
rough vertical wall at an angle of 45°, the coefficient of friction between 
the ladder and the ground being |; a man whose weight is half that of 
the ladder ascends. Find what the coefficient of friction mast be between 
the ladder and the wall that when the man reaches the top of the ladder 
it may just begin to slide. 

5. A body weighing 54 lbs is just set in motion on a rough horizontal 
plane by a horizontal force of 9 lbs. If the force be withdrawn and the 
plane tilted up, at what inclination of the plane to the horizon will the 
body begin to sJide ? 

6. A rough plane is inclined at an angle of 30** to the horizon. A 
weight W is placed on it, and it is foand that a force f W acting parallel 
to the plane will just move the weight up the plane. Find the coefficient 
of friction. 

7. A uniform ladder 10 feet long rests with one end against a sm >oth 
vertical wall, and the other on the ground, the coefficient of friction being 



208 DYNAMICS. 

*5. Find how high on the ladder a man whose weight is three times that 
•of the ladder may ascend before it begins to slide, the foot of the ladder 
being 6 feet from the wall. 

8. What force acting parallel to the plane will draw a weight of icx> lbs. 
jalong a roagh horizontal plane, the friction being such that if the plane 
were tilted to an inclination of 30°, the weight would be jost on the point 
of sliing? 

9. In the preceding case what is the most advantageous angle at which 
the force can act, and what force acting at this angle will be just insuffi- 
cient to draw the body along the horizontal plane ? 

10. A force P acting at an angle d to a plane whose inclination is i 
sustains a weight W upon the plane. If the coefficient of friction be /i, 
determine between what limits F must lie in order tiliat there may be 
•equilibrium. 

11. A ladder whose C. G. is at its middle point, rests with one end on a 
horizontal plane and the other on a vertical wall, to which it is inclined 
at an angle of 45*^. The coefficient of friction for the surfaces at the 
lower end is ^, and at the upper end is ^. A man whose weight is half 
that of the ladder ascends it : how far will he go before the ladder begins 
to slide? 

12. A body whose weight is 50 lbs. is just kept by friction from sliding 
down a rough plane, whose inclination is 30° : what is the force of friction 
and the pressure at right angles to the plane ? 

13. In the preceding case find the magnitude and direction of the re- 
sultant reaction of the rough plane on the body. 

14. A body whose weight is 100 lbs. is just maintained at rest on a rough 
inclined plane by the friction. The height of the plane is 5 feet, and its 
length 25 feet : what is the force of friction ? 

15. In the preceding case determine the force acting parallel to the plane 
which is necessary to draw the body up the plane. 

16. A power of 30 lbs. just supports a weight of 50 lbs. on a smooth in- 
•clined plane. If the plane were rough and the coefficient of friction =^, 
what power, acting along the plane, would draw the weight up the plane. 

17. A lever whose arms are 10 feet and 2 feet, works on an axis passing 
through a circular hole in the lever, the radius of which is i inch. If the 
•coefficient of friction be ^, what power, acting at the end of the longer 
arm, will just be on the point of moving 1000 lbs. attached to the end of 
the shorter arm? 

18. In the preceding case, if there were no friction, what power would 
be required ? 

19. A parallelopiped of wood rests on an inclined plane of wood, and is 
just on the point both of overturning and of sliding down the plane. Its 
base is 2 feet square : what is its height, the coefficient of friction being ^? 

2a The arms of a lever are 10 feet and 2 feet ; an axle projecting from 
the lever rests at each extremity in a socket which has a radius of 6 
inches: what power will raise a weight of icxDlbs., the coefficient of fric- 
tion being ^ ? 

21. What power would be required if there were no friction? 
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22. If the arms of a lever are 12 feet and 4 feet, and the radius of the 
socket 6 inches, what weight will a power of 20 lbs. raise, the coefficient of 
friction being J ? 

23. A screw is worked by a lever the extremity of which describes a 
circle of 12 feet. The circumference of the screw is 6 inches, and the 
interval between the threads is i inch. If the coefficient of friction be ^, 
find the pressure which' is exerted by a force of 20 lbs. acting at the end 
of the lever. 

24. If there were no friction in the preceding case, what pressure would 
be exerted ? 

25. A body slides from rest down a rough plane whose inclination is 
60°. If the coefficient of friction be ^, find the space described in 3 
seconds, and the velocity with which the body is then moving. 

26. A body just rests on a rough inclined plane when its inclination is 
30® : find the velocity which the body will acquire in sliding down this 
plane for 2 seconds, when it is inclined at an angle of 60*^. If the body 
be projected up the rough plane whose inclination is 30°, with a velocity 
of 100 feet per second, how far will it rise before it comes to rest ? 

27. If in the last case the plane were smooth, how far would the body 
ascend ? 

28. A body is thrown up an inclined plane whose inclination is t, with 
a velocity u : find how far it will ascend before it comes to rent (i) when 
the plane is smooth, (2) when it is rough, and the coefficient of friction 
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HINTS FOR THE SOLUTION OF THE EXERCISES. 



Note. — The Stvdent shmdd not consult these hints until hs 
has first attempted ilie solution himself, T/ie problems 
may be solved in different ways. 



Chap. II., p. 13. (i) Employ equations of Art. 12, as in Exam, i, 

(2) Art. 1 2 ; Use equation connecting velocity and time, and solve for t, 

(3) Art. 12; equation connecting space and time. (4; Art 11, since 
there is an initial velocity ; (a) equation connecting velocity and time ; 
(b) do. space and time; use + »ign. (5) Do.; use — sign. (6) Art. 11 ; 
equation connecting velocity and space ; when the body comes to rest 0=0. 
(7) Art. II ; equation for veocity and time; r=o when body comes to 
rest. (8) If /be the acce.eration, then as in Exam. 2, I32 = |y*(6*"" 5*)» 
from which y is found; then use equation 2, Art. 12. (9) Art 12; 
equation for space and time ; employ units of ^-ards per minute, or reduce 
to feet per second per second ( 10) See Exam. 4. (11) Do., and Exam. 2. 
(12) Art. II ; equation for velocity and time ; t;=o when body comes to 
rest (13) Do. ; equation connecting velocity and space; pnt i;=o. 
(14') Art. 14 ; equations for initial velocity connecting velocity and time, 
and space and time; use units of metres per second. (15) Art. 14; 
equation for initial velocity connecting velocity and space; put v=o, 
(16) Art. 14 ; equation connecting velocity and time without initial 
velocity. (17) See Exam 4. (18) Exam. 2. (19) Art. 14; equation 
connecting space and time ; « = 48. (20) Art. 1 1 ; space and time ; + sign. 
(21) Art. 12: find ,/ from equation for space and time, then tin j o from 
equation for velocity and t'nie (22) Find from equation 2, Art 14, the 
times of describing 512 feet and 256 feet respectively, and take the 
difference. Or, find the velocity after describing the first 256 feet, and then 
employ equation 5 of Art. 14. ( 23 ) Let ^ =n^ of sees., then (< + 1) = whole 

time, then as in Exam 2, i ff{(t+ i)* —t*} = 176; solve fort. (24) Art. 
14; space and time; solve for t, (25) Find velocity at point B from 
equation 8=ut-\-\fft''\ putting 4 = 144; then find space through which a 
body must fall to acquire this velocity by equation 3, Art 14. (26) See 
Art. 15. (27) Exam. 7, (28) Express given velocity in yards per 
minute, and use equation vsstt, (29) 352 yards per minute gained |er 

2?2 X 2 

minute =^^ — ^ feet per second gained per second; Arts. 17 and 18. 
oox 60 

(30) Arts. 17 and 18. (31) 32 feet per second per 8eoond=^ x 6ox 60 

3 
yards per minnte per minute. 
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Chap. III., p. 25. (i) By Arts. 31, a8, the body will not remain at 
rest whether the velocities be in the same or in different directions. (2) 
Art. 91. ^3) Art. 26 or 37. (4) Find velocity by Art. si, and then use 
equation of Art. 6. (5) Kxam. 3. (6) Resolve vertically. (7) Exam. 
I. (8) Art. 21. (9) Difference of rates = twice rate of stream. (10) to 
(15) Art 36 or 27 (16) and (17) Reduce to earae nnits and compare. 
(18) Resolve all the velocities in the direction of any one, and apply Art. 
21. (19) Employ Art. 31 (c\ (20) Art 26 or 27. (21) The three 
velocities are in directions at right angles to each other, therefore employ 
Art. 30. (22) Find resultant velocity by Art. 27; then use equation, 
^=ut, (23) Art. .-^o and equation « = trf. (24) See Ex. 22. (25) Resolve 
horizontally. (26) See Ex. 22. (27) Do. (28) Arts. 27 and 33. 
(29) Do., and equation, s = ^ft'. (30) Art. 32 (c), and equation, 8=ut. 

Chap. lY . p. 37. (i) Equations i and 2 Art 47. (2) Equation z 
Art. 47. (3) Put < = time; find space traversed by each, using equation 
witii— sign for ist, and with + sign for 2nd; sum of spaces =128. (4) 
^ame way as last; for 2nd stone, use equation «=|</<>. (5) Exam, i and 
Art. 47. (6) Art. 47. (7) Equation 2, Art 47 ; solve for /. (8) Equation 3, 
Art 47; by Art 47 the velocity is the same in both cases. (9) to (17) 
These are solved by the equations of Art. 14, writing g sin • for g. (9) 
Equation i (10) Equation 2. (11) Equation 6 with — sign, put v=o, 
and solve for «. (12) Equation 2, solve for ^ (13) Equation 4; for (b) 
put 0=0. (14) Equation 6, put 0=0. (15) Equations 4 and 5 with + 
sign. (16) Equation 2. (17) Equation 5 with+sign. (18) Let /=time 
'Of 1st, then (< — 2)=time of 2nd; find by C'luation 2, Art. 14, the space 
described by each ; the difference of these spaces=i92. (19) Method of 
Exam. 3, but use equations with + sign (20) Exam. 3. (21) Equation 
2 Art. 14, using g sin « for ^ ; see Art. 44. (22^ Do. (23) Fmd velocity 
in each case in 5 sees, and com|K)im<l by Art 26 or 27. (24) Do. (25) 
Do ; the angle between the directions is 120^. (26) Do., do. (27) 
Exam. 6. (28) (a) To the height ob'ained in 27 add space traversed with 
uniform velocity by balloon, (b) To the same height add the height 
reached by the stone found as in Exam. i. (29) Exam 6. (30) The 
vertical space is the same as if there were no horizontal velocity, the hori- 
zontal space is the same as if there were no vertical velocity. (31 ) Art. 
36. (32) Ans. to Exercise 30. (33) Do. (34) Do. (35) Equation 2, 
Art. 47, with 8 negative. (36) Find velocity in 2 sees, and proceed as in 
last exercise. (37) Do. (38) Let <= time, and «= velocity of projection; 

the whole heights —(see Exam, i); find spaces described by each body 

by equations 2 and 4 of Art. 14 ; put sum = — from which t is found =>- 

2,9 2<7 

space described in this time=} the whole space; find time taken to fall 
through one-fourth the whole height. (39) Equation 2, Art. 14, substi- 
tuting value of g, (40) Exercise 30. (41) Exam. 4. (42) Let u = 
velocity of the balloon ; 4.5 ii=heigtit when stone it dropped ; substitute 

p 2 
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for 8 in equation 2 of Art. 47 and make s ne^^ative ; solve for «. (43) 
Find velocity, by equation 3 Art. 47, then use equation 2 Art. 47. 
(44) Art. 47. (45) Do. (46) Do. (47) Exam 6. (48) Arts 17, 18. 
(49) Do. ; 32 feet per second gained per second =f|x 300 x 300 units of 
length gained in the unit of time. 

Chap. V., p. 50. (i) Arts, 60, 61, and 64. Horizontal velocity =50 + 
resolved velocity of projection ; the height and time of fligiit depend on 
vertical velocity only, (a) Art. 66. (3) Do. (4) Vertical and horizontal 
velocities are independent of one another, (5) Velocity is hor zonta at 
the middle point of range. (6) See hint to Exercise 4. (7) Do. (8) 
Exam. I. (9) Find time of flight ; then use Art 47 to find velocity of 
projection. (10) Art 64. (11) Do. (12) Hint to Exer. 4. (13) Find 
time of reaching greatest height ; again, finii time of moving from vertex 
to end of latus rectum = time of falling to focus = time of describing 

^L-22. — fL; sum of tiraes = time required. (14) Art. S7* i^S) Art. 64. 
(16) Do., solve for u. (17) Greatest height = 64 feet. 

Chap. VI., p. 64. (i) Exam. i. (2) Exam. 2 (3) Find acceleration, 
and use equation 3, Art. 12. (4) Do. and equation i, do. (5^ Find 
acceleration Art. 90, and use equation 2, Art. 12. (6) Determine velocity, 
and proceed as in Exam. 2. (7) Find acceleration; find force required to 
produce this acceleration by (i), Art 90. (8) Determine unit of mass ; 
measure is inverse y as unit ; see Arts 80-82. (9) Exam, i., or Art. 90. 
(10) Do. (11) See hint to 7. (12) Do. (13) Exam. 6, p. 13. (14) Find 
acceleration by Art. 90; use equation 2, of Art. 12. (15) Find acceleration 
from (2) Art. 12 ; then u.se equation in (2) Art. 90. and solve for P ; from 
this value subtract 50. (16) Same equation as in last. (17) Do. (18) 
Find force, Art. 90, that urould produce the acceleration If there were no 
friction ; and add 2 lbs. (19) Find acceleration from equation 2. Art. 12; 
put a; = requited weight and use equation (2) of Art. 90. (20) Find 
acceleration, Art 90; and proceed as in Exam. 2, p. 12. (21) Find 
acceleration, Art 90 (4); then use equation i, Art 12 (22) Do., and 
equation 2, Art. 12. (23) Find acceleration from equation 2, Art. 12; 
find velocity from equation l. Art. 12; find space from equation 2, Art 12; 
(24) Forces are proportional to the accelerations when the mass is c n- 
stant; the acceleration coire^ponding to the ^veight is g. (25) Find accele- 
ration as in Art 90; the force producing moti(m is (5 — 6 x f). and the mnsn 
moved is (5 + 6) ; then use equation 3, Art 12. (26) Fiud acceleration as 



use 



in Art 90 ; the force producing motion is ( 300 — 1120 x — J ; then 

equation 2 of Art 12, and solve for t. (27) Find acceleration ; nse equa- 
tion 3 of Art. 12, where /•= 10. (28) Equation of Art 89, so ve for R. 
(29) Find acceleration from Art. 90 ; fitid velocity from (i) Art 12 ; find 
time from equation of Art 89. (30) See latt (31) Do. (32) Art. 86. 
(33) Art 77. (34) The unit force 19 tiiat which would produce in i lb. a 
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velocity of i ft. per i". Number of units in i^ lbs= i^ 4- ^ (35) Force 
of lOo lbs. would produce in mass of I03 lbs. an acceleration of 33 ft. per 
i".*. would produce in mass 100 x 16 an acceleration of 2 ft. per i''.*.in 
mass 100 X 16 X (})• an acceleration of 2 ft. in ^". Or; 3 ft per J" per 
^"=32 ft. per i" per i" ; and a force of 100 lbs. will produce this accele- 
ration in a mass of 100 lbs. (36) Force of 2240 lbs. would produce in mass 
of 2240 lbs. an acceleration of 32 ft. per i" /. a force of 2240 -r V would 
produce in same mass an acceleration of i yard per 1" .'. a force of 2240 
-r " -r 6o» would produce an acceleration of i yard per minute. 

Chap. VII., p. 74. (i) Equation of Art. 97; put P = 10, and solve for 
Q. (2) Art. 98. (3) Do. (4) Momenta are equal and opposite. 
(5) Momentum gained by one is lost by the other. (6) Art 100 and 
Exam. 2. (7) Arts 97 and 85. (8) Tension to produce uniform velo- 
city =^ X 8 tons ; force to give acceleration of 3 ft per sec. =^ x ^^ tons ; 
sum of both = required tension. (9) Find acceleration, Art. 90; find 
velocity, Art. 12 ; find time, Art 89. (10) Exam. 2. (11) Do. (12) Do. 

(13) Do. (14) Hint to Ex. 8. (15) Art. 99, T = ^^2?iii. (16) Art 99. 

IS 

(17) The sine = I when the plane is vertical, and = o when horizontal. 

(18) Art. 98. (19) Proceed as in Art. 99. (20) Do. (21) When one 
plane is vertical the sine of its inclination = z. 

Chap. VIII., p. 84. (i) Art 116. (2) Do.; a'=o. (3) Do. do. 
(4) Exam. I. (5) Art 115. (6) Do.: make u' negative. (7) Do. do. 
(8) Exam. a. (9) Art 115; « = i. (10) From Exam. 3, the coefficient 
varies as square root of height of rebound. (11) Art. 115. (12) Velocity 
of each ball after being struck = that of striking ball. (13) Art 117; 
«=i, m=7ra', tt'=o. (14) Do. (15) Exam. 3. (16) Do.; the height 
on first rebound being e'^h, that on second = e^h^ on third = e^A, &c. 
(17) Art. 117. (18) Let » and r be the angles of incidence and reflec- 
tion ; tan r = - tan », and » + r = 90* ,*. tan (90® — i) = 3 tan » /. 
e 

tan t =— -_ = tan 30*. (19) e=J; put a= velocity of projection; then 

velocity before and after striking the ceiling is known from Arts. 14 and 
112; similarly, velocities before and after striking the floor; the greatest 
height reached with this latter velocity is given by Art. 14 ; put this =12, 
and Solve for «. (20) Art. 115 ; m=$m\ c=i, u' negative; solve for «. 

CU.VP. IX., p. 96. (I) Art 137. (2) Exam 2. (3) 660 x 2240 x 100 

30 X 33000 

zzNo. of minutes. (4) Art. 137. (5) 6_£>133000Xiox6o _^ j^^ ^^ j^^ 

50x6x10 ^ 

(6) Exam. i. (7) Exam. 4. (8) Find cubic content, multiply by 62^ 
and by 4. (9) Find kinetic energy. (10) Exam. i. (11) Find units 
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of work per minute, and express as fraction of 33,000. (is) Exam, z 
(13) Find work actually done p^ hour; find theoretical work per hour; 
divide former by latter. (14) The lead ball will possess greater energy 
than the cork if both bodies be projected with the same velocity ; apply 
Art. 127. (15) Determine (a) the acceleration, (6) the Telocity in 3. 
seconds, (c) apply Art. 127 to find resistances. (16) Use equation of Art. 
127, and solve for resistance. (17) Find (a) the accelerationf (6) velocity 
ic 3 sees., (c) apply equation of Art. 89. (18) Find (a) velocity in lO' 
sees., (6) apply equation of Art. 89 to find time, (c) equation of Art. 127 to 
find space. (19) Exam. 5. (20) Find (a) acceleration, (6) velocity in 
9 sees., (c) equation of Art. 127. (21) Arts. 125, 131. (22) Art. 137. 
(23) Apply equations of Arts. 89 and 127. (24) Do. (25) Art. 127. 
^^^^ 1200x15x5280 _ jj^ p ^ . ^^^ ^^ resistance ^^r of weight. 

60x33000 
(28) Equation of Art. 127. (29) Do. (30) Resistance = (1400 + 4480) 
lbs. (31) Exam. 6. (32) (a) equation of Art. 89,(6) v =g Bine it. 
(33) Art. 137. (34) Art. 125. (35) (a) 500 x 500, (6) 500 x 500 x 980. 
(36) Kilogramme =1000 grammes; metre= 100 centimetres; use equation 
of Art. 125. (37) Let »= velocity, then 120 x 10 x ^=30 x 550. 

CuAP. X., p. 104. (i)y= — where f=g\ solve for v. (2) Equa- 
tion 2, Art. 140. (3) Equation 4, Art. 144. (4) Equation 2, Art. 140; 
solve for v. (5) Equation 2, Art. 140. (6) Equation 4, Art. 144. (7) 
Art 140. (8) Art. 142. (9) Art. 148. (10) Art. 147. (11) Equa- 
tion 2, Art 140. (12) Do. (13) Do. See Exam. i. 

Chap. XI., p. 115. (i) Equation of Art. 154; solve for /. (2) Art. 
IJ7- (3) Do. (4) Do. (5) Art. 163. (6) The lengths are proportional 
to the accelerations due to gravity. (7) Art. 157. (8) See Ex. 6. (9) 
32*09 : 32'I9 : : x« : 864002. 

Chap. XII., p. 125. (i) Ri = P« + Q*.-. Divide 152 in the ratio of 3* to 
4*. (2) Arts 167 and 174. (3) Art. 167. (4) Use Art. 174. (5) Do. 
(6) Equation R«=P« + Q2. (7) Art. 171. (8) Do., or resolve forces in 
the line bisecting the angle. ^9) Resolve horizontally. (10) Angle between 
force8=90*^. (11) Exam.5. (12) Art, 171. (13) Do. (14) Do. ; put R = Q. 
(15) Exam. 4. (16) Do. (17) Equation of Art. 171 ; solve for cos a. 
(18) Do.; rt=6o®. (19) Ex. 2. (20) Art 177. (21), Exam. 6. (22) 
Art. 171. (23) Do. (24) Do. f25)Exam. 5. (26) Art. 175. (27) Extm. 
5. (28) Resolve horizontally and vertically. (29) Exam. 5. (30; Art. 171. 
C31) Do. (32) Do. (33) Apply in each case equation of Art. 171. (34) 
^0* iZ'^ ^^'1 or, resolve in direction bisecting the angle. (36) Resolve 
along each diagonal, and compound resultants. (37) Exam. 6. (38) 
Art 169. (39) Art 178. (40) Art t8i (c). (41) Resolve horizontally. 
(42) With a long rope the direction of the pull can approximate more 
nearly to the direction of motion. (43) Apply Triangle of Forces. 



OF THE BZERCISES. 215 

Ch\p. XIII., p. i.u. (0 Art i8j. (i) Do. (3) Exam. i. (4) Do. 
(5) Art. 189. (6) Art. 194. (7) Let P= each of the forces; the resul- 
tant of P and P along BC and AC, is by Art- 171, P Vz, '^^^ is parallel 
to AB ; then apply Art x86 to find point of application of resultant of P 
along AB and P^^i" parallel to AB. (8) Let P, Q, S be the forces 
acting at A, B, C respectively ; then as in Exam. 2 the resultant of P and 
Q acts at D on CO produced .*. the resultint of the three forces acts on a 
point on CD. Similarly it may be shown that it acts on a point on AO 
produced.*, it acts at 0, ^9) Art 194. (10) Do. 

Chap. XIV., p. 146. (1) One of the forces must be equal and opposite 
to the resultant of the other t\ro. (2) Art2DS. (3.) Art 212. (4) Take 
moments round unoccupied angle. (5) Kxam. i. (6) Do. (7) Do. 
(8) It can be easily shown that the su^n of ths mo nents of the forces round 
any point in the plane is equal to double th3 area of the polygon; and 
therefore, Art. 207, the forces are equivalent to a couple. (9) Resolve 
vertically and horizontally and take m mieiiH round A ; see Exam 3. (10) 
The greater tne distance of the bundle from ttie .shoulder the greater the mo- 
ment, and the greater must therefore be the pull nt the other end. The pres- 
sure on shoulder = sum of forces at extremities of stick. The reaction at the 
shoulder is always equal to the pressure on it. The quantity of matter remains 
unaltered and /. the force of the earth's attcaction is always the same. (11 ) 
I^t the weight of the rod be M;,actiiigat the midills p')int,andlet P = pressure 
on the p»»g at the extremity ; take momsnts round the other peg.*. V=\ w; 
pressure on peg round which moments are taken = sum of pressures. 
(i2) Let a; =: distance from one peg; take moments round that peg 
.*. 2DX 6 — 8 X i2 = 24aJ.".»— I inch from peg or 5 from end. (13) Exam. 3, 
and Exer. 9. (14) Do. (15) Let a? = weight; take moments round C. 
(16) Resolve vertically and horizontally and take moments round B. 
(18) Use Triangle of Forces. 

Chap. XV., p. 165. (i) Art 226. (2) Art. 230; Answer to second part 
of question depends on theory of inclined plane, see machines. (3) Art 226. 
(4) Art 240. (5) Arts. 238, 231. (6) Art 233. (7) Art 228. (8) Legs 
are at angular points of equilateral triangb; draw perpendicular from 
angular point to one side and produce to circumference; this point and the 
centre of table are equidistnnt from side (9) Let A B C be the angular 
points; resolve 90 lbs actim; at C.G. into 33 lbs. at A, and 60 lbs. at the 
middle point of BC ; then resolve latter force into two components at B and 
C renpjctively. (10) Exam. 5. (11) Tlie C G. is to b3 equidistant from 
the props. (12) Exam. 2. (13) Let x^lengtii ; find weight which acts at 
middle point; take momenta round fulcrum. (14) Proceed as in Exam. 3. 
(15) AVuii;hts of books act at middle points; resultant passes through edge 
of table when books are on the point of falling. (16) Take moments as in 
Exam. 3, round middle point of diagonal, or apply Art. 248. (17) Exam. 
3. (18) Do. (19) Ex. 9. (20) Bisect arms, join points of bisection, 
bisect this line and find distance of middle point from middle point of bent 
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rod. (21) Take moments round the sides as in Exam. 6. (22) Take 
moments round common side. (23) Art. 241 (24) Exam. 2. (25) Take 
moments round centre as in Exam. 3. (26) Do. (27) Do. (28) Take 
moments round common plane. (30) Exam. 4. (31) Do. (32) Exam. 3. 
(33) Do. (34) Resolve verticdly and horizontally and take moments round 
lower end. (^^s) Exam. 5. 

Chap. XVI., p. 190. (1) Art. 272. C2) Art. 264. (3) Art 283. (4) 
Arts. 266, 269. (5) Resolve into two components; or, take moments round 
each extremity, (6) Take moments round fulcrum; or, use Art. 185. (7) 
Art 254. (8) Art. 293. (9) Art. 294. (10) Art 293 ; solve for n. (11) Art. 
281. (12) Art 296. (13) Art 280. (14) Art. 255. (15) Art 291. (16) Art 
294. (17) Art 135 (18) Arts. 260-262 (19) Exam. i. (20) Let x=. 
distance of fulcrum from middle point; take moments round fulcrum. 
(21) Exam. I. (22) Take moments round fulcrum. (23) Ex. 20; weight 
acts at middle point (24) Weight acts at point upon which it first balances ; 
take moments round second fulcrum. (25) (a) Force to overcome friction 
and resistance of air (6) former force, plus force equal yutf ^^ weight 
(26) See last Ex., and Exam. 5. (27) Do. (28) Art 272. (29) Art 
258. (30) Suppose he sells a pound weight each time; then (i) he sells 
if lb for I lb. ; (2) he sells | lb for i lb. ; he therefore loses f lb. and gains 
^ lb, by the two sales, therefore he loses ^^ lb on every 2 lbs. he sells. 
(31) Art 272. (3») Art 279- (33) Do. (34) Art 283. (35) Art. 287. 
(36) Do. (37) Do. (38) Art. 272. (39) Pressure is lessened by amount 
of pull. (40) Art. 297. (41) Ex. 39, and Art 294. (42) Do., do. 
(43) Art 293. (44) l>o. (45) Art 295. (46) W : P. (47) Art. 295. 
(48) Arts. 293 and 299. (49) Proceed as in Art 206, P being = o. (5c) 
Art 258. (51) Art 273. (52") Art 255- (53) Do. (54") Art 272; 
radius of axle is mcreased by ^ inch. ($$) Art 287. (50) Art 276. 
(57) Art 274. (58) Art 135. 

Chap. XVII., p. 207. (i) Arts. 309 aud 3 10. (2) Do. (3) In each case 
resolve along the plane and at right angles, and proceed as in Exam. i. 
In the first case the friction acts up the plane, and in the second down. 
(4) Exam. 3. Resolve vertically and horizontally and take moments 
round the lower end. If <2= distance between foot of ladder and wall, the 
equation for the moments is \V'ld+]iW'd—R'd—fi'R'd=o, Proceed as 
in Exam 3. (5) Find fi by Art 308, and by Art 309. (6) Friction 
acts down the plane. Resolve along the plane and at right angles. 
(7) Exam. 3. If d=the inclination of the ladder to the ground, 
sin 9—^ and cos 0=^. Let 2:= distance ascended; resolve vertically and 
horizontally, and take moments round lower end. The equation for 
the moments (W*5 cos 9 + $\V'x cos — R^'io sin 9 = o) becomes 
W X 3 + 3 W X a; X J - U' X 8 = o. (8) The coefficient of friction 

-ta.nso°=^;¥=fiR=fiW. (9) Art 320. (10) Art 317. (11) Exam. 
3, and Ex. 7. (12) Resolve along the plane, and at right angles, (i ) 
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Art. 301. (14) Ex. 12. (15) Resolve along the plane, friction acting 
down the plane. (16) On the smooth plane P : W : : 3 : 5 .'.sin t=f, and 
cos t=^; resolve along the plane and at right angles. (17) Equation of 
Art. 315- (18) Art. 255. (19) Exam. a. (»o) Art. 315. (ai) Art 
^55' («a) Art. 315. (23) Equation of Art. 321. (24) Art 287. (25) 
Find acceleration by Art. 313, and then use equations of. Art 14. (26) 

fi = tan 30^=:— _ ; find accelerations by Art 313, and use equations of 
Art 14. The accelerations are different on the different planes. (27) 

8 = — - (Art. 43). (28) From Art. 47 the general equation for the space 

2^ sm ». 

described Is « = — , which is obtained by putting 9=0 in equation 3. For 

th^ smooth inclined plane ff becomes g sin t, and for the rough plane 
^(siD t+ficos t). 
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Exercises to Chap. IL Page 13. 

(i.) (a) 200 ft. per sea, (b) 250 ft., (c) 40 ft. per sec 
(2.) 4 sees. (3.) 15 sees. (4.) (a) 400 ft., (6) 625 ft. 
(5.) (a) - 200, (b) 375. (6.) 40 ft. (7.) 4 sees. (8.) 24 ft. ; 
432 ft. (9.) 30 ft. (10.) 15 ft.; 45 ft. (11.) 87 ft. 
(12.) 450 ft. per sec. (13.) 40 ft. per sec. (14.) (a) 5 secs.^ 
(6) 372*5 metres. (15.) 100 metres nearly. (16.) 11,760 
metres per sec. (17.) 62^ ft. ; 87^ ft. (18.) 320 ft. (19.)! 
sec. ; 3 sees. (20.) 100 ft. (21.) 48 ft. per sec. (22.) 1*65 
sees. (23.) 5 sees. (24.) 6 sees. (25.) 25 ft. (27.) 6 sees. 
(28.) 352. (29.) If. (30.) 44. (31.) 38,400. 



i 



Exercises to Chap. ITI. Page 25. 

(i.) No. (2.) 4*6 ft. per sec. (3.) 10 miles per hr.. 
4.) 400 ft. from A. (5.) 50 ft. ; 50 V3 ft* (6.) 250 V3 ft« 
^7.) 100 yds. down stream; 10 mins. (8.) 8 miles and 12 
miles per hr. (9.) i mile per hr. (10.) 10 ft. per sec. ; 
30°. (11.) 25 V3 ft. (12.) 7'8 miles. (13.) ij miles. 
(14.) 24'i6 ft. per sec. (15.) (a) 193*2, (b) 100. (16.) 
5 : 264. (17.) 22 : 75. (18.) 2 ft. per sec. (19.) 50 ft. 
per sec. (20.) 13-3 ft. per sec. (21.) 23*8 ft. per sec. 
(22.) 57'i miles. (23.) 2,500 ft. (24.) 65*68 metres ; 
131*3 metres. (25.) 25 ^2 ft.; 50 v^2 ft.; 100 ft. 
(26.) 24*16 ft.; 72*48 ft. (27.) 19*08 ft. (28.) 17*7. (29.)4o 
ft. ; 2,000 ft. (30.) 27*32 ft. per sec. ; 136*6 ft. 

Exercises to Chap. IV. Page 37. 

(i.) 3 sees. ; 2 sees. (2.) (a) 128 ft,, (b) 80 ft., (c) o ft., 
(d) - 640 ft., (e) - 1 152 ft. (3.) 80 ft. from top. (4.) Half- 
^»7- (5) (») 225 ft, (6) 200 ft., (c) —400 ft. (6.) 7j 
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sees. (7.) I 1 7 sees. ; 4 sees. (8.) 64'^ 2 ft.; — 64\/2 ft, 
(9.) 12*8 ft per see. (10.) 200 ft. (n-) 4>096 ft. (12.) 
4 sees. (13.) (a) 34 ft., (6) 15I sees. (14.) 15 ft. per sec* 

(is) (50+48V3) ffc. ; (150+72V3) f*- (Jt6.) 14,400 ft. 
(17.) 1896 ft (18.) 4 sees.; 256 ft. (19.) 8]^ sees, from 
starting of ist (20.) 3 J sees, after starting of ist. (21.) 

V2V2 sees. (22.) v'S tecs. (23.) 10V3 ft. (24.) i88*6 
ft; 640-9 ft (25.) 83-1 ft (26.) 128 ft (27.) 800 ft 
(28.) (a) 1,300 ft, (b) 900 ft (29.) 400 ft (30.) 100 ft. ; 
250 ft; 269-2 ft. (32.) (a) Vertically downwards, (6)44 
ft, (c) 16 ft. (33.) Vei-tically. (34.) (a) 100 ft, (6) 5 
sees., (c) 250 ft (35.) 3-7 sees. (36.) 2-73 sees. (37.) 
13*6 sees. (^S,) (a) Half the time taken to tall through the 
whole height, (0) at one-fourth the whole height from the 
top. (39.) 2 sees, nearly. (40.) (a) 36 ft, (b/ 3 sees., (c) 
75 ft (41.) 8 ft; —120 feet (42.) 68-17 ft; 3067 ft. 

(43-) I '3^ ^^^' ^^^ 3'66 s-^* (44*) 1^2 ^^^^ (45*) '9^ 
ft per sec. (47.) (a) At the point where it was dropped,. 

(6) 9*17 sees. (48.) 22. (49.) 192,000. 

ExEECiSES TO Chap. V. Page 50. 

(i.) (a) 12 ft, (b) V3 sees., (c) 66^/3 ft (2.) 56 ft. 

(3.) 180 >v^3 ft (4.) 2 sees, each; distances, 160 ft, 200 

ft, 240 ft (5.) 128 Vi ft. (6.) 400 ft (7.) 7,500 ft. 

(8.) 16 ft; 2 sees. (9.) 128 ft (10.) 1,600 ft (11.) 

u 
3,200 ft (12.) Each in 2 sees. (13.) - (sin a + cos a). 

if 

(14.) 144 ft; 64 ft (15.) 144 V3 ft; 288 ft; 144 ft; 
oft. (16.) 128ft (17.) 256ft. 

ExBBCiSEs TO Chap. VI. Page 64. 

(i.) 8 ft. per sec. (2.) 2 ft per see. ; 25 ft (3.) V40 ft 
(4.) 6 ft (5.) 16 ft (6.) 48 ft; 192 ft (7.) I J lb. 
(8.) J. (9.) 32; 8; 128. (10.) 10 ft; 100 ft (11.) 2^ 
lbs. (12.) 6 ft; 9-375 lbs.; 9*375^ lbs. (13.) 4J sees* 
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<i4.) 66| ft. (15.) i93>t ozs. (16.) si lbs. (17.) 3^ ft. 
(18.) 4U lbs. (19.) 10 lbs. (20.) 32 ft. (21.) 67' 1 36 ft. 
per sec. (22.) 134*27 ft. (23.) 40 miles per hr. ; 4 ^oil^s. 
(24.) 11:1080. (25.) 9*23 ft. (26.) 8'6 sees. (27.) 25 ft. 
(28.) i^ lbs. (29.) 2 J sees. (30.) 32 ft. (31.) 7 sees. 
(34.) 48. (35.) Mass of TOO lbs. (36.) t-j^ lb. weight. 

Exercises to Chap. VII. Page 74. 

(i.) 15 lbs. (2.) 20 lbs. (3.) 5y lbs. (4.) 44*6 ft. per 
sec. (5.) 40 ft. (6.) ^ ton ; §1^ toD. (7.) 55^ grammes; 
55tt 9^ or 54,400 dynes. (8.) if tons. (9.) s|J| sees. 
(10.) (a) 100 lbs., (b) 150 lbs. J (c) 50 lbs., (d) 25 lbs., (e) o. 
{11.) (a) 1 40 lbs., (b) 140 lbs., (c) 154 lbs., (d) 126 lbs., (e) o> 
</) 175 lbs., (g) 280 lbs. (12.) (a) ii2| lbs., (b) 87^ lbs. 
/13.) o. (14.) (a) 5 tons, (6) 6^ tons. (15.) 5 ozs. (16.) 

^4 ozs. (i8.)TVlb. (19.W70Z8. (2o.)T^-^^^^'f'!+'^' 

Exercises to Chap. VIII. Page 84. 

(i.) 4 ft. (2.) 50 ft. per sec. (3.) 20 ft. per sec. (4.) 

¥, ¥» -4^ nr,-e-^ ^<^- (5-) 3 ft. ; 7 ft- (6.) - 20 ft.; - lo 
ft. (7.) (a) o, (6) -4 ft. ; 16 ft. (8.) |. (9.) 15 ft.; 25 
ft. (10.) |. (11.) 2^ ft.; 7| ft. (12.) 20 ft. per sec. 
(13.) 90°. (14.) 0°. (15.) 3 ft. (16.) 4 ft.; I ft. 

17.) 25 ft. per sec. (18.) 30°. (19.) 100 ft. nearly. 

20.) o. 



I 



Exercises to Chap. IX. Page 96. 

(i.) 6,720 foot-pounds; 6,720 g foot-poundals. (2.) 56 
H.P. (3.) 2^ hrs. (4.) 1,344,000 ft.-pounds ; 1,344,000^ 
fb.-poundals. (5.) 396,000 galls. (6.) 2,640 cubic ft. 
(7.) 450,000 ft.-pounds. (8.) 3,000,000 ft. -pounds. (9.) 
31*259 g ft.-pounds. (10.) 2,897 ^"^« ft* (^^') w H.P. 

6|| H.P. (13.) ^. (15.) U lb- (16.) li lb. 

i^lb. (18.) 2^ sees.; 50 ft. (19.) 16 lbs. (20.) 112 



<I2.^ 6 
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ft. (23.) 37^ sees. ; 1,800 ft. (24.) i8j sees. ; 562^ ft 
(25.) 180 lbs. (26.) 48 H.P. (27.) 137-6 H.P. (28.> 
3764-4 ft. (29.) 3,962 ft. (30.) 470-4 H.P. (31.) (a) 
i64yV sees., (6) 67^ ft. (32.) (a) 210 sees., (b) 120 ft. 
(33.) 716^800 foot-poundals. (34.) 20,000 foot-poundals. 
(35.) (a) 250,000 centimetre grammes ; (b) 245,000,000 ergs. 
(36.) 5,000,000 ergs. (37.) 9 J miles per hour. 

Exercises to Chap. X. Page 104. 

IT* 

(i.) 2 Vg it, per Bee. (2). 3-4 lbs. (3.) — lbs. (4.) 24 

y 
ft. per sec. (5.) -484 lbs. (6.) Itt* lbs. (11.) 16 feet per 

sec. (12.) 100 lbs. (13.) 338-8 lbs. 

Exercises to Chap. XL Page 115. 

(i.) 39'i393 inches. (2.) 2.446 inches. (3.) 144 : 145 
nearly. (4.) 57-7 sees. (5.) 64-8 sees. (6.) i : -9997. 
(7.) 11,745 feet. (8.) 39-15 1 inches. (9.) 135 sees. 

Exercises to Chap. XII. Page 125. 

(i.) 9 lbs., 12 lbs. (2.) No. (3.) In the same line. 
(4.) I.: Vi. (50 I • VS' (6.) 20_lbs. (7.) 90^ (8.) 20 
lbs. (9.) 15 V3 lbs. (10.) 4 Vio lbs. Jii.) 2 v'y lbs. 

(12.) 1/284 Ibs^ (13-) ,4"6 lbs. (14.) V2 : i^ (15.) 20 
lbs. (16.) 20 i^2 lbs. (17.) 60°. (18.) 10 Vj lbs. (21.) 

12 lbs.; 16 lbs. (22.) 3V5 lbs. (23.) V124 oz. (24.) 
20 ozs. (25.) 9-2 lbs. (28.) 50 V3» 50- (29-) V3 ll>s., 
90°. J30.) 7 lbs. (31.) 25 lbs. (32.) 10-39 Ibs.^ (33-) A, 

10 V3 ; B an d C, 10 ^2—^/3. (34.) A, 10 i/2 ; B and 
C, 10 V2— >v^2. (35.) 80 V3 lbs. (36.) 2 V2 lbs.__(37.) 
24 lbs., 36 lbs. {38.) Twice tbe side. (39.) V77 lbs. 
. (40.) 10 lbs. (41.) 29-14 lbs. (43.) 8 ^3 ; 16 ^3 lbs. 
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Exercises to Chap. XIII. Page 134. 

(i.) 16 ; 2^ ft. from one end. (2.) 17^ inches from one 
^nd ; 1 2 lbs. (3.) 4 lbs ; 3 ft. from greater force. (4.) 3 
lbs ; 14 inches from gi'eater. (5.) 12 lbs. ; 2 J ft. from DC ; 
4^ ft. from AD. (6.) 74! lbs.; 149^ lbs. (9.) 5 lbs., 
3 lbs. (10.) 7 lbs., 4 lbs. 



Exercises to Chap. XIV. Page 146. 

(4.) 12 inches from the unoccupied angle. (5.) 14 lbs.; 
7^ ft. (6.) 19 lbs.; 5fJ ft. (7.) 12 lbs.; 7 in. (9.) 

-' (11.) 3:1. (12.) S in. from one end. (13.) 25^3 ; 

4 
50; 75 lbs. (14.) S-v/S; 16; 24 lbs. (15.) 10 0Z8. (16.) 

25\^^; 25 lbs. (18.) 11-25; 27'4 



Exercises to Chap. XV. Page 165. 

(6.) 4V3 ft* (7') 80 ft* (8«^ 20 lbs. (9.) 30 lbs. (10.) 
4 in. and 6 in. from adjacent sides. (11.) 6 ft. from smaller 
end. (12.) 7^ ft. from end. (13.) 9 ft. (14.) ^ h. (15.) 

4 in. (16.) — • (17.) |-th bisecting line from base. (18.) 
■j^th diameter from centre. (20.) 5V2 in. (21.) 2 ft. ; 2§ 

ft. (22.) ^\- from remote side of square. (24.) 5 in. 

(25.) i^ ft. from centre. (26.) J ft- from centre. (27.) ^ 

V2 
diagonals — inches from centre. (28.) On perpendicular, 

^rd its length from base. (29.) ^ in. from common base. 

(30-) "^ ^ ^ ^ ' (31-) y' (32-) i «• (33-) It ^ from 
base. (34.) 1 4^ lbs. (35.) f ft. ; 2f ft. from adjacent sides. 
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ExBRCiSES TO Chap, XVI. Page 1 90. 

(3-) 3 • 4- (S) 49i l^s. ; 62^ lbs. (6.) 4 ft. from one 
«nd. (8.) 20 lbs. ; 2oilbs. (9.) (a) 12^ lbs., (b) 13! lbs. 
<io.^ 4. (12.) W=P(2'*-i). (13.) 84; 140 lbs. 
{14.) Loses 10^ lbs. (16.) 160 lbs. (17.) 8 ft. (19.) 
14*4 lbs. (20.) i^ ft. from centre. (21.) i6f ozs. (22.) 
22 in. from fulcrum. (23.) if ft.; 18 lbs. (24.) 40 lbs. 
^25.) (a) 1,000 lbs., (b) 3,240 lbs. (26.) 448 lbs. (28.) 
56 lbs. (29.) 35. (30.) Loss I lb. per cwt. (31.) 960 lbs. 
(32.) 627^ lbs; 653 J lbs. (33.) 3 : 5. (34.) 60 lbs. (35.) 
i§ lbs. (36.) 1*5 lbs. nearly. (38.) 3 lbs. (39.) 56 lbs. 
(40.) 224 lbs. (41.) 154 lbs. (42.) 152^ lbs. (43.) 400 
lbs. (44.) i4i lbs. (45.) 5 lbs. (46.) 27. (47.) 501 lbs. 
^48.) System with one string and five movable pulleys. 
^49.) 1 99 J ozs. (50.) I lb. (51.) 3,024 lbs. (52.) 15 lbs., 
25 lbs. (53.) 40 lbs. (54.) i,234f lbs. (55.) -396 lb. 
(56.) 1,875 lbs.' (57.) 10,000 lbs. (58.) i6fft. 



Exercises to Chap. XVIT. Page 207, 

(i.) -^; I. (2.) Angle whose tangent is |. (3.) i88'2 
lbs.; 217*4 lbs. (4.) \. (5.) Angle whose tangent is J. 

<6.) ^j (7-) 7f ft. (8.) Over 57-7 lbs. (9.) 30°; 50 

11 / V -rrr sin I + 11 cos t , ^^ sln t - u COS I 

lbs. (10.) W an and W an ' ("•) 

^ ^ cos (^ -i- /i sin cos - /LI sm (^ ^ ' 

^ths length of ladder. (12.) 25 lbs.; 25\/3lb8. (13.) 50 

lbs. ; vertically upwards. (14.) 20 lbs. (15.) Over 40 lbs, 

(16.) Over 34 lbs. (17.) 202*5 ^^ (^^0 200 lbs. (19.) 

4 ft. (20.) 22*8 lbs. (21.) 20 lbs. (22.) 55*7 lbs. (23.) 

1,104 lbs. (24-) 2,880 lbs. (25.) io6'7ft.; 71*1 ft. (26.) 



it« 



36-9 ft-; 156-2 ft. (27.) 312-5 ft. (28.) (i) ^^-^- (2) 



u^ 



2^(sint + /iicosi' 
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